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Abstract

This note defines the asymmetric count data, first order moving average model and gives
some of its basic properties. A brief account of conditional least squares estimation of

unknown parameters is also given.

Keywords: Moments, Dual autoregression, Invertibility, Nonlinear, Least squares estima-
tion
JEL: C22, C25, C51

This note gives some basic results for the integer-valued or count data time series model
corresponding to Wecker’s (1981) asymmetric moving average (asMA) model for continuous
variables. Wecker’s model has in the asMA(1) case the form y; = u; + 9+ut+_1 +07u,_,, with
ut = max(0,u) and u~ = min(u,0). Hence, differently signed shocks may have different
effects on y;. We may alternatively write the model as y; = u; + 0 up_1 + (07 — 07 ) [;_qus_1,
where I;_1 = I(u;—1 > 0) is the indicator or Heaviside function taking value 1 when the
argument is true and 0 otherwise.

The basic count data MA or INMA model and its interpretation and extensions have been
discussed by Al-Osh and Alzaid (1988), McKenzie (1988), Brannds and Hall (2001) and others.
In this model, multiplication is replaced by a thinning operation in order to generate integers.
For asymmetry in the sense of Wecker the threshold of 0 in the indicator function of the
asMA(1) model needs to be replaced by some k > 0 since u; > 0 for every ¢, in the count data
setting.

We first consider the first order asymmetric integer-valued moving average or asINMA(1)
model and briefly discuss two alternative specifications. We also briefly discuss the least
squares estimation of unknown model parameters.
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1 Model and Properties

The most obvious way of formulating the count data, asymmetric MA(1) or asINMA(1) model
is as
Yt :ut+0+01t_1ut_1+9*o(1—It_1)ut_1, t=1,2,...,T (1)

where I;_1 = I(u;—1 > k) is the indicator function. In (1), {u; > 0} is a sequence of i.i.d.
integer-valued random variables. The discussion is based on a Poisson assumption for u;.
Hence, we assume E(u;) = V(u;) = A. The binomial thinning operations are defined as
ou = Y ,v;, where {v;} is a sequence of i.i.d. o-1 random variables, with Pr(v; = 1) =
6 = 1—Pr(v; = 0). The random u is assumed independent of {v;}. In addition, thinning
operations over time are independent. The parameters of the asINMA model are probabilities
and naturally restricted to [0, 1] intervals. When I;_1 = 0, there is a positive thinning proba-
bility for I;_qu;—1 = 0. With 67 = 6~ = 6 the model reduces to a standard INMA(1) model
yr=ur+0ouq.
The conditional expectation of (1) is

E(y:|Yi—1) = A+ 0 w1 + 0L quyq, (2)

where 6 = 67 — 60—, and Y;_; is the observed information up to and including time ¢ — 1.
Unconditionally we get
E(yy) =A4+60"A+5A—e1), (3)

where ey is obtained from e, = Zi'{:o i"Ale=* /il with m = 1 in the Poisson case (cf. the
Appendix for additional details). If k — 0, e; tends to zero and then (3) corresponds to an
INMA(1) model with parameter 7. As k — oo, ¢1 tends to A and now the limiting model is
an INMA(1) with parameter 0.

The conditional and unconditional variances are

V(yelYie1) = A+0Lqupq —xlqup 1 +60" (1 =0 )up_y (4)
Viy) = A40 (1=0)A+(0+0)A— (6+x+2601A)ey — 823 — ke, (5)

where k = %" — 6" The conditional variance also varies asymmetrically with respect to
lagged u;_1, while for INMA there is no asymmetry. The first order autocovariance is

Cov(yryi—1) = A2+20TA —6(Aey +ex) + (074 —dey)? — E*(yy)
= A[207(1—A) — e (6)
and the autocorrelations for all higher order lags equal zero.

Next, we consider the dual autoregressive representation of the asINMA(1) in (1). Att =1
and given uy = 0, y1 = uy and then y» = up + 0" o L1y, + 6~ o (1 — I;)y;, where equality is in



Table 1: Parameter values and probabilities for the first three lags in the dual autoregression
of an asINMA(1) model at + = 4 with 67 = 0.8 and 6~ = 0.4 and probabilities p = Pr(I; =
1)=075and 1 — p = 0.25.

Lag Values/Probabilities Expectation
1 0.8 04
0.75 0.25 0.70
2 0.64 0.16 0.32
0.563 0.063 0.375 0.49
3 0.512 0.064 0.256 0.128
0.422 0.016 0.422 0.141 0.34

distribution. For t = 4 we give the expression in terms of expectations

E(ys) = A+6TE(ys)+ 60 E(Lys3) @)
—0YE(Iihy,) — 0 E(Iiky,) — 0707 E(I3Lys) — 670~ E(ILys)
+07E(ILLy) + 6 E(LLLy)
+07°0 E(Ishhyy1) + 6707 E(IsLLyyy) + 670 E(Is LIy )
+010 " E(Ishhyy1) + 070 E(BLLy,) + 070 E(LLIy)

where I_] = 1 — I;. Depending on the outcomes of u1,u; and u3 there is in this t = 4 case 23
different autoregressive models. For instance, for all I} = 1 we get ys = us + 6" oys — 0+ o
2+ 0+ o y1, while foronly u, <k, ys =us+60"oys — 070 oyp + 0+~ o v

The parameters in (7) arise with binomial probabilities Pr(j) = [m!/(j!(m —j)1)] p/(1 —
p)"~J where m is the lag and j = 0, ..., m. The number of possible parameter values increases
with the lag but the associated probabilities get smaller at a fast rate if both 67 and 6~ are
smaller than one. Note also that the parameters at even lags have negative signs. The expected
value at lag m is given by ¥ Pr(j)(6+)/(6~)™ /. Table 1 gives an example. Related results
for the extension of the asMA(1) model are considered by Brannds and Ohlsson (1999).

Since 0" and 0~ are both in [0,1] intervals, we conjecture that for a stationary dual AR
model to exist, at least, one of the 6’s needs to be smaller than one, subject also to Pr(I; =
1) € (0,1). When this is the case we say that the asINMA(1) is invertible. De Gooijer and
Brannids (1995) found that for a conventional asMA(1) model [07]]67| < 1 is a necessary
condition, using a numerical invertibility approach and assuming normality. This approach
gives a larger invertibility region than the originally proposed [67| < 1 and [#~| < 1 region of
Wecker (1981).

An alternative model specification to (1) is

Yt :ut+9+lt,1out,1+9_ (1—1,5,1)01/!1&,1. t:1,2,...,T (8)



The indicator variable effectively switches the probabilities 6 and 6~ to zero depending on
the outcome of the discrete u;_; variable. The model can be said to be a special case of a
random coefficient INMA(1) model. In model (8) we have thinning 6l ou = Y!' ; w;, with
w; =1ifv; =1and I = 1 and w; = 0 otherwise, so that Pr(w; = 1) = 0p with p = Pr(I = 1).
In (1), the thinning is 6 o Iu = 6 ou for I = 1 and equal to zero otherwise. Practically, there
appears to be little difference between the two model versions, but it remains to study whether
the thinning operations are different or equal.

The probability generating function of xo = 6 o u conditional on u is Py(t|{u) = E(t*|u) =
[0t + (1 — 6)]" which corresponds to the binomial distribution and unconditionally Py(t) =
E(+*) = exp[AB(t — 1)], which tells us that x( is Poisson distributed with mean Af. For the
standard INMA(1) model we then obtain the generating function for y; as P,(t) = exp[A(1 +
6)(t —1)], which again corresponds to a Poisson distribution.

Using E(#*) = E(+*|u,I = 0) Pr(u < k) + E(+*|u,I = 1) Pr(u > k) we find for the thinning
operation in (1), i.e. x; = 6 o [u, and for the x, = 6] o u of (8) that P;(t) = E(t1) = (1 —p) +
pE(t'|lu > k) = P»(t) = E(+2). From this follows equality in distribution for the thinning
operations and then also for the unconditional distributions of y; in (1) and (8).

Obviously, the indicator function I(u; > k) has a key role in the model. If we were willing
to consider an alternative such as I'(x; > k) = I; for some exogenous or predetermined
variable x; (independent of 1;) , moment results would be easy to obtain. For instance, the
expected value is then E(y;) = A+ 60TIJA+ 60~ (1 — 1))\

2 Estimating k

In the preceding discussion k was viewed as a known positive integer or real value. For
empirical purposes we recognize that k will be unknown in most instances. We consider two
approaches to estimation, both based on the conditional least squares estimator. In the first,
we estimate the other parameters 3 = (07,07, 1)’ for any given k. The estimated value of
k is next determined by AIC, SBIC or some other related criterion. In the second approach,
we view k as a real positive but unknown parameter, so that the vector to be estimated is
P2 = (67,07, k)". We may approximate the indicator function I(u > k) by say a distribution
function centered at the unknown k. A simple choice is the logistic distribution function, i.e.
I~1—-1/[1+exp(—c(u—k))|, where c is some large and given value. To reduce the number
of unknowns we could consider setting k = A so that 3 = (67,67,A)" and with I a function
of A.
The one-step-ahead prediction error

zt =Y —A—0 w1 —6lLi_qupq (9)

is real valued and related to u; in the sense that z; + A has the same conditional and uncondi-



tional first and second moments as u;. Using the relationship to z; we calculate u; sequentially.
This leap is also employed in Brannds and Hall (2001).

Given this, the easiest general approach to estimation which is also robust towards both
distributional misspecification and alternative forms of dependence among thinning opera-
tions (cf. Brannds and Hall, 2001) is the conditional least squares estimator based on (9). Hence,
the parameter vectors ¢;,i = 1,2,3 minimize the least squares criterion function S = Y/ z?,
where z; is the prediction error. The conditional least squares estimator for this different mov-
ing average model differs from the conventional one with respect to the E(u;) # 0 and k. The
derivatives with respect to the parameters are:

Oz O —Lqup 1 — 67 Bl [altl Upq It_laufl]
00+ 00" 20+ 20+ 90+
E?GZt - aagut = —Up1+ LU — Gaaué—l -9 [aalé_l U1+ It—1aau(;_1}

which can all be calculated recursively from zero initial values.

For the covariance matrix of the parameter vector i/ we advocate a sandwich estimator
that is robust against both violations in assumptions about thinning operations as well as
conditional heteroskedasticity. Its form is

Cov(¢') = F1JF7Y,

where
T aZt aZt I zazt aZt

F: BN ]: N a7
Lopay 253y 9y

3 Discussion

The note has focused on the simplest of asymmetric integer-valued or count data moving
average models. For continuous variables, the basic asMA model has been extended in par-
ticular for financial time series to capture asymmetries in both returns and volatilities as well
simultaneity for multiple time series. Extending the current study to cover longer INMA lag
structures and an INAR part appears tractable. If one wishes to include additional flexibility
in conditional heteroskedasticity/variance the direct approach would be to relax the Poisson
assumption about #; and replace it with o;u; such that this has conditional variance ¢? which
modelwise could borrow from the GARCH literature.



Appendix

The density of I;u; is left censored such that the outcome zero is observed when u; < k with probability
1—p="Pr(u <k) = Y¥ ,p;. Hence, the expected value is (1 —p) x 0+ p Y5>, 1ipi/p = A —e1. The
density of (1 — I;)u; is right censored such that all u; < k outcomes are observed while for u; > k
only zeroes are observed. With the censoring value being zero the probability for the zero outcome is
increased by the probability for u; > k, i.e. po + p. There will be no impact on expected values e, since

ELO i"p; = 2?21 i"p; for any k.

For the thinning operation 6 o (1 — I)u the expected value is obtained from E(f o (1 — I)u) =
E(@o(1—Iull = 0)Pr(I = 0)+E(@o(1—Dull = 1)Pr(I = 1). Here, E(f o (1 — )u|ll = 0) =
E(C“, o] = 0) = 0E(uju < k) = 0(1—p) 'YX, ip; = 6(1 — p)'e;. Conditioning on I = 1 instead
gives conditional expectation equal to zero. For E(8 o Iu|l = 1) we get 0p~'(A —e;), and E(6 o [u|l =
0) =0.Itfollows that E(y;) = A+ 0T (A—e1) +0 e =A+0TA— (07 —0 e

The variance is obtained using

EV(y|Yi1)] = A+0(1-0)A+ [5 - (9+2 - 9—2)} (A —er)

VIEWYi1)] = A [9*2 +259+e1} .y [eﬁeﬂ — 20" bey,

where e, = YK i p;. Then V(y;) = E [V (ye|Yi_1)] + V [E(y|Yi-1)]-
The autocovariance function at lag 1 is

E(yiys—1) = Efur4+0"Lqou 146 oupq —0 Lqouq]
X [Mt_l + 9+It72 our_o+ 0~ o Up_p — Q_Itfz ] Mtfz}
= A2 4207A —5(Aey +ex) + (BTN —dey)?
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