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Devwudfw

Wkh sdshu sursrvhv wzr hvwlpdwlrq dssurdfkhv iru gxudwlrq prghov wkdw duh

vxemhfw wr uljkw fhqvruhg revhuydwlrqv dqg vhohfwlrq h�hfwv1 Pdlq irfxv lv rq

dffhohudwhg gxudwlrq prghov dqg wkh hvwlpdwruv duh ri wkh olplwhg lqirupd0

wlrq w|sh/ l1h1 wkh| duh qrw edvhg rq d ixoo| vshfl�hg vhohfwlrq prgho1 Wkh

hvwlpdwruv duh lqvwuxphqwdo yduldeoh dgdswdwlrqv wr wkh Srzhoo v|pphwulfdoo|

wulpphg ohdvw vtxduhv dqg wkh Exfnoh|0Mdphv hvwlpdwruv iru uljkw fhqvruhg

gdwd1 Lq d vpdoo Prqwh Fduor vwxg| wkh| duh irxqg wr shuirup zhoo1 Hpslulfdo

uhvxowv duh suhvhqwhg iru wrwdo wlph rxwvlgh wkh xqhpsor|phqw vwdwh iru sduwlf0

lsdqwv lq wkh Vzhglvk Dgxow Hgxfdwlrq Lqlwldwlyh dqg oderxu pdunhw wudlqlqj1

Wkh odwwhu rqhv duh lqfoxghg dv frqwurov dqg duh irxqg wr kdyh vljql�fdqwo|

orqjhu wlphv rxwvlgh wkh xqhpsor|phqw vwdwh1 Wkhuh duh vwurqj lqglfdwlrqv ri

vhohfwlrq h�hfwv1

Nh| zrugv= Exfnoh|0Mdphv/ Srzhoo/ fhqvrulqj/ vhohfwlrq/ lqvwuxphqwdo ydul0

deoh/ dgxow hgxfdwlrq lqlwldwlyh1

MHO Fodvvl�fdwlrqv= F47/ F57/ L53/ M971

�Wkh dxwkru zlvkhv wr wkdqn L]D dqg lwv phpehuv iru erwk �qdqfldo vxssruw dqg d vwlpxodwlqj
zrun hqylurqphqw gxulqj klv vdeedwlfdo ylvlw1 P| froohdjxhv Urjhu D{hovvrq dqg Rooh Zhvwhuoxqg

duh wkdqnhg iru jhwwlqj ph vwduwhg rq wkh sureohp/ surylglqj wkh gdwdvhw/ dqg vrph yhu| xvhixo
uhpdunv1 D suhylrxv yhuvlrq ri wklv sdshu zdv suhvhqwhg dw wkh L]D0FHSU Zrunvkrs �Hydoxdwlrq

ri Oderu Pdunhw Surjudpv� lq Ehuolq/ Qryhpehu 4<<<1 S1 Mhqvhq dqg U1 Kxmhu duh wkdqnhg iru

khosixo uhpdunv1



41 Lqwurgxfwlrq

Wkh suhvhqw sdshu lv irfxvhg rq hvwlpdwlrq whfkqltxhv iru hydoxdwlqj dq hgxfdwlrqdo
surjudp lq whupv ri d vxevhtxhqw gxudwlrq ri/ vd|/ xqhpsor|phqw ru hpsor|phqw1
Rxu hpslulfdo zrun lv irfxvhg rq wrwdo wlph rxwvlgh wkh xqhpsor|phqw vwdwh diwhu
sduwlflsdwlqj lq wkh Vzhglvk Dgxow Hgxfdwlrq Lqlwldwlyh +DHL/ Nxqvndsvo|iwhw,1 H{0
lwv wr ixuwkhu vwxglhv dv zhoo dv wr hpsor|phqw duh wdujhwhg e| wklv surjudp dqg
wkh fruuhvsrqglqj gxudwlrqv duh wkhuhiruh phujhg wrjhwkhu1 Wkh DHL lv d �yh |hdu
dgxow hgxfdwlrq surjudp wkdw vwduwhg lq Mxo| 4<<: dqg wdujhwv sulpdulo| dgxow xqhp0
sor|hg zkr odfn d wkuhh |hdu vhfrqgdu| vfkrro hgxfdwlrq1 Hpsor|hhv zlwk d vkruw
hgxfdwlrq fdq dovr eh lqfoxghg1 Wkh DHL frqwdlqv suhylrxv hgxfdwlrqdo duudqjh0
phqwv iru dgxowv dqg jlyhv d �qdqfldo iudphzrun iru pxqlflsdolwlhv1 Suhylrxv oderu
pdunhw wudlqlqj +OPW/ Duehwvpdunqdgvxwelogqlqj, surjudpv uxq e| wkh Vzhglvk
Oderu Pdunhw Erdug zhuh dw wkh vdph wlph sodqqhg wr eh uhgxfhg e| yroxph1 Wklv
glg qrw pdwhuldol}h lpphgldwho|/ krzhyhu1 D{hovvrq dqg Zhvwhuoxqg +4<<<, jlyh dq
h{whqvlyh edfnjurxqg ghvfulswlrq rq surjudpv dqg sduwlflsdqwv1

Zkhq ixwxuh xqhpsor|phqw vshoov duh dffrxqwhg iru lq d ghflvlrq/ edvhg rq wkh
qhw suhvhqw ydoxh wr hquroo lq d wudlqlqj surjudp ru qrw/ wkhuh lv dq reylrxv ghshq0
ghqfh ehwzhhq xqhpsor|phqw vshoov dqg wkh ghflvlrq1 Wkh phfkdqlvp lv dqdorjrxv
wr zkdw zh h{shfw wr �qg iru srvw0surjudp zdjh hydoxdwlrqv +vhh Dsshqgl{ D,1 Wklv
lv rqh urxwh iru prwlydwlqj wkh vhohfwlrq sureohp iru wkh gxudwlrq prgho/ dqg wkhuh
fdq eh rwkhuv +h1j1/ Kdp dqg OdOrqgh/ 4<<9/ Kxmhu hw do1/ 4<<</ dqg Phonhuvvrq/
4<<<,1

Qrwh wkdw hydoxdwlqj surjudpv xvlqj gxudwlrqv udwkhu wkdq lqfrph phdvxuhv
fdq xvxdoo| eh pdgh pxfk pruh hdvlo| dv zhoo dv pruh surpswo|1 Gxudwlrqv fdq
iuhtxhqwo| eh rewdlqhg iurp dgplqlvwudwlyh uhjlvwhuv/ zkloh lqfrph phdvxuhv pd|
eh rewdlqhg e| txhvwlrqqdluhv ru e| wd{ uhfrugv zlwk d ghod| ri xs wr vhyhudo |hduv1
Pruhryhu/ vkruw srvw0surjudp xqhpsor|phqw vshoov duh olnho| wr eh ri pruh srolf|
lqwhuhvw wkdq lqfrph hqkdqfhphqw h�hfwv1

Gxudwlrq prghov duh xvxdoo| fdvw lq hlwkhu d kd}dug ixqfwlrq irupxodwlrq +wkh
sursruwlrqdo kd}dug ixqfwlrq dsshduv wr eh wkh prvw zlgho| xvhg rqh, ru lq whupv
ri d orjolqhdu gxudwlrq prgho1 Rxu pdlq hpskdvlv lv rq wkh odwwhu1 Wkh dsshdo
ri wkh orjolqhdu prgho lv wkdw wkh prgho vhwxs lv forvhu wr wkh Wrelw prgho iru
zklfk wkhuh lv frqvlghudeoh sulru uhvhdufk rq wkh h�hfwv ri vhohfwlrq ru ri fhqvrulqj/
dqg dovr wkdw lw d sulrul pd| eh srvvleoh wr jhw e| zlwkrxw pdnlqj h{fhvvlyh dqg
h{solflw glvwulexwlrqdo dvvxpswlrqv1 Rqh vxfk dvvxpswlrq lv wkdw ri d sursruwlrqdo
kd}dug1 Zh zloo ghprqvwudwh d zd| wr qrqsdudphwulfdoo| rewdlqlqj hvwlpdwhg kd}dug
ixqfwlrqv iru wkh wzr jurxsv +fi1 Euçqqçv/ 4<<5d,1

Lq dgglwlrq wr wkh vhohfwlrq sureohp/ fhqvrulqj lv d ihdwxuh ri prvw gxudwlrq gdwd
vhwv wkdw dovr qhhgv wr eh dffrxqwhg iru1 Wkh sdshu glvfxvvhv vrph dgdswdwlrqv wr
suhylrxvo| vxjjhvwhg hvwlpdwlrq surfhgxuhv wr dffrxqw iru erwk vhohfwlrq dqg fhq0
vrulqj udwkhu wkdq iru phuho| fhqvrulqj ru phuho| vhohfwlrq1 Wzr ri wkh hvwlpdwlrq
surfhgxuhv +dgdswdwlrqv wr wkh Srzhoo +4<;9, dqg Exfnoh| dqg Mdphv +4<:<, hvwl0
pdwruv, duh sduwo| hydoxdwhg lq d Prqwh Fduor vwxg| ehiruh zh surfhhg wr jlyh vrph
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hpslulfdo uhvxowv uhodwhg wr wkh Vzhglvk Dgxow Hgxfdwlrq Lqlwldwlyh1
Zh vwduw lq Vhfwlrq 5 e| vhwwlqj xs wkh prgho iudphzrun dqg e| glvfxvvlqj zklfk

phdvxuh lv wr irup wkh edvlv iru wkh hydoxdwlrq1 Vhfwlrq 6 glvfxvvhv hvwlpdwlrq lq
dffrugdqfh zlwk wkh wzr phdvxuhv vlqjohg rxw lq Vhfwlrq 51 Vhfwlrq 7 surylghv
wkh Prqwh Fduor hylghqfh rq vpdoo vdpsoh surshuwlhv ri hvwlpdwruv dqg whvwv1 Wkh
hpslulfdo uhvxowv duh jlyhq lq Vhfwlrq 81 D glvfxvvlrq ri vrph nh| lvvxhv udlvhg lq
wklv sdshu lv vdyhg iru wkh �qdo vhfwlrq1 Dprqj vxfk lvvxhv zh ghprqvwudwh wkdw wkh
suhvhqw prghoolqj vwudwhj| uhpdlqv d ydolg dssurdfk dovr iru d pxowlsoh0vshoo prgho
h{huflvh1

51 Prgho Iudphzrun

Zh frqvlghu d orjolqhdu gxudwlrq prgho dqg d frqyhqwlrqdo vhohfwlrq prgho=4

+ ' *? | '  q n k_n j/ +4,

_ '

�
�c
fc

B ' 3� n 1 : f
B � f�

+5,

Wkh h{rjhqrxv yduldeoh yhfwru  lv dvvxphg wr frqwdlq d frqvwdqw whup vr wkdw wkh
lqwhufhsw q� frqwdlqv dq| qrq}hur phdq ri // zklfk dovr lv dvvxphg wr kdyh xqlw
yduldqfh1 Zlwk wklv irupxodwlrq zh uxoh rxw wlph ghshqghqw h{sodqdwru| yduldeohv/
exw duh qrw uhvwulfwhg wr rqo| sursruwlrqdo kd}dug ixqfwlrq prghov15 Li wkh hgxfd0
wlrqdo surjudp lv wr eh ehqh�fldo zh h{shfw k wr eh qhjdwlyh/ l1h1 wr fruuhvsrqg wr
d vkruwhu xqhpsor|phqw gxudwlrq1 Li lqvwhdg | lv wkh gxudwlrq ri hpsor|phqw/ zh
h{shfw k wr eh srvlwlyh1

Zlwk uhjdug wr wkh vhohfwlrq phfkdqlvp irupxodwhg lq +5, lw lv ri wkh frqyhqwlrqdo
irup/ exw frxog eh jhqhudoo| gh�qhg1 Wkh vlpsoh dqdo|vlv ri Dsshqgl{ D vxjjhvwv
wkdw +5, lv qrw wkh prvw fohyhu vshfl�fdwlrq1 Hvwlpdwlrq whfkqltxhv wkdw dyrlg ixoo|
dffrxqwlqj iru wkh irup ri +5, e| dyrlglqj wr hvwlpdwh +405, mrlqwo|/ vkrxog wkhuhiruh
eh ri juhdw lqwhuhvw1

Wkhuh duh/ dw ohdvw/ wzr dowhuqdwlyhv iru hydoxdwlqj wkh h�hfwv ri hgxfdwlrqdo
surjudpv lq wklv iudphzrun +h1j1/ Pdggdod/ 4<;6/ dqg Khfnpdq/ 4<<3,1 Wkh k
sdudphwhu fruuhvsrqgv wr wkh h{shfwhg srwhqwldo rxwfrph ri wkh surjudp/ l1h1 krz
pxfk dq xqhpsor|hg lqglylgxdo zrxog jdlq li kdg kh2vkh ehhq sodfhg lqwr wudlqlqj16

D vhfrqg dowhuqdwlyh lv wr xvh wkh dyhudjh lpsdfw ri wkh wudlqlqj surjudp rq wkh
orj gxudwlrq/ l1h1

.E+m_ ' ��� .E+m_ ' f� ' kn jd.E/m1 : �3���.E/m1 � �3��o� +6,

4D pxowlsoh0vshoo yhuvlrq ri wkh prgho lv glvfxvvhg lq wkh �qdo vhfwlrq1
5Lw lv srvvleoh wr lqwurgxfh wlph ghshqghqfh/ gxpp| yduldeohv uh hfwlqj wlph lqwhuydov/ hwf1 e|

ohwwlqj wkh ghshqghqw yduldeoh lq +4, eh d orjdulwkplf ixqfwlrq ri vxfk yduldeohv1 Iru wkh hvwlpdwruv
frqvlghuhg lq wklv sdshu wklv zrxog/ krzhyhu/ fuhdwh sureohpv wr zklfk wkhuh/ dw ohdvw/ iru qrz duh

qr jrrg vroxwlrqv1
6Wklv fulwhulrq ehfrphv pruh lqyroyhg li wkhuh duh gl�huhqw vkdsh sdudphwhuv �4 dqg �3 fruuh0

vsrqglqj wr g @ 4 dqg g @ 31
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Wklv iroorzv vlqfh

.E+m_ ' �� '  q n kn j.E/m1 : �3�� +7,

.E+m_ ' f� '  q n j.E/m1 � �3��� +8,

Wr hydoxdwh wkh phdvxuh lq +6, zh hlwkhu kdyh wr pdnh d glvwulexwlrqdo dv0
vxpswlrq ru surylgh vrph qrqsdudphwulf hvwlpdwru iru wkh frqglwlrqdo h{shfwd0
wlrqv1 Wklv uhdvrqlqj fduulhv ryhu wr wkh qdwxudo wlph vfdoh |/ rq zklfk wkh udwlr
.E|m_ ' ��*.E|m_ ' f� zloo eh lqghshqghqw ri wkh fkdudfwhulvwlfv lq wkh  yhf0
wru/ zkloh wkh gl�huhqfh .E|m_ ' �� � .E|m_ ' f� zloo qrw1 Khuh/ i TEk� fruuh0
vsrqgv wr wkh iruphu phdvxuh rq wkh *? | vfdoh1 Iru vpdoo k wkh h�hfw lq shu0
fhqw lv wkhq dssur{lpdwho| �ffk1 Rq wkh | vfdoh k : � fruuhvsrqgv wr dq h�hfw
wkdw surorqjv wkh vwxglhg gxudwlrq dqg k 	 � wr d vkruwhqlqj h�hfw1 Wkh udwlr
.E|km_ ' ��*.E|fm_ ' �� ' i TEk�.Ei TEj/�m_ ' ��*.Ei TEj/�m_ ' f�/ zlwk
|f ' i TE q� i TEj/� dqg |k ' |f i TEk�/ fruuhvsrqgv wr +6,1

Ghshqglqj rq zklfk phdvxuh lv wkh rqh ri xowlpdwh lqwhuhvw lw zloo kdyh frqvlg0
hudeoh lpsdfw rq krz zh vkrxog hvwlpdwh wkh xqnqrzq sdudphwhuv ri wkh prghov1
Wkh iruphu phdvxuh/ k/ pdnhv vhplsdudphwulf hvwlpdwruv edvhg rq uhodwlyho| zhdn
dvvxpswlrqv ihdvleoh1

Li � ' i TE/� kdv kd}dug ixqfwlrq �fE�� wkh kd}dug ixqfwlrq fruuhvsrqglqj wr
+4, fdq iru jlyhq _ eh zulwwhq

bE|� ' �fE|
�e3�E qnk_���|�3� i TE��E q n k_��c

zkhuh � ' j3�1 Wklv kd}dug ixqfwlrq zloo eh sursruwlrqdo rqo| xqghu txlwh vshfl�f
dvvxpswlrqv rq wkh irup ri �fE��1 Iru d jlyhq ghqvlw| ixqfwlrq ri � / }E��/ wkh ghqvlw|
ixqfwlrq ri | jlyhq _ lv

sE|� ' }E|�e3�E qnk_���|�3� i TE��E q n k_���

61 Hvwlpdwlrq

Lq dgglwlrq wr vhohfwlrq/ uljkw fhqvruhg gxudwlrqv duh d uxoh udwkhu wkdq dq h{fhswlrq1
Zh qhhg wr dffrxqw iru wkh fhqvruhg revhuydwlrqv lq rughu wr dyrlg eldvhg lqihuhqfhv1
Wkh dvvxpswlrq zh pdnh lv wkh frqyhqwlrqdo rqh/ l1h1 wkdw wkh fhqvrulqj phfkdqlvp
lv lqghshqghqw ri wkh gxudwlrq | dqg wr wkh uljkw +W|sh 4 fhqvrulqj ru d zhdno|
h{rjhqrxv fhqvrulqj phfkdqlvp,1 Dq revhuydwlrq lv fhqvruhg zkhq + : S/ zkhuh S
lv wkh srvvleo| udqgrp fhqvrulqj srlqw/ dqg zh wkhq vhw wkh lqglfdwru yduldeoh � ' f
iru wkdw hyhqw1 Iru qrqfhqvruhg revhuydwlrqv/ + � S dqg � ' �1

Iru lqihuhqwldo sxusrvhv rqh gl!fxow| dulvhv zlwk jlylqj d zhoo0prwlydwhg elydul0
dwh glvwulexwlrqdo vshfl�fdwlrq iru E/c 1��1 Vxfk dq dvvxpswlrq lv qhhghg iru ixoo
pd{lpxp olnholkrrg +PO, hvwlpdwlrq ri wkh wzr uhodwlrqvklsv +4,0+5, dv zhoo dv iru
ohdvw vtxduhv +OV, hvwlpdwlrq edvhg rq sdudphwulf dvvxpswlrqv1 Lq wkh Wrelw prgho
frqwh{w d elyduldwh qrupdo dvvxpswlrq lv wkh prvw zlgho| xvhg rqh/ exw dowhuqdwlyhv
vxfk dv d pxowlyduldwh orjlvwlf glvwulexwlrq frxog eh dssolhg1
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Wkh jhqhudo vkdsh ri wkh olnholkrrg ixqfwlrq lv

u '
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sE+m_ ' ��� �hE+ : Sm_ ' ���3� �hE_ ' ��

�
\
_'f

sE+m_ ' f�� �hE+ : Sm_ ' f��3� �hE_ ' f�� +9,

Rxu pdlq irfxv zloo eh rq hvwlpdwruv frpsurplvlqj ehwzhhq ehlqj edvhg rq dv
ihz dvvxpswlrqv rq wkh glvwulexwlrqv iru *? | dqg B dv srvvleoh dqg ehlqj d wudfwdeoh
surfhgxuh1 Wkhuhiruh/ wkh PO hvwlpdwru zloo eh jlyhq qr ixuwkhu glvfxvvlrq lq wklv
sdshu/ wkrxjk PO jlyhv doo wkdw lv uhtxluhg iru hlwkhu phdvxuh1 D ohdvw vtxduhv hvwl0
pdwlrq surfhgxuh edvhg rq wkh elyduldwh qrupdolw| dvvxpswlrq lv jlyhq lq Dsshqgl{
E1

Zkhq wkh hydoxdwlrq phdvxuh ri nh| lpsruwdqfh lv k +dqg zh dgglwlrqdoo| zlvk wr
hvwlpdwh wkh xqnqrzq yhfwru q, zh frqvlghu wzr dssurdfkhv wr hvwlpdwlrq wkdw duh
erwk wudfwdeoh dqg edvhg rq uhodwlyho| zhdn dvvxpswlrqv1 Rqh dssurdfk lv uhodwhg wr
wkh wulpphg phdq dqg holplqdwhv revhuydwlrqv lq wkh ohiw wdlo ri wkh + glvwulexwlrq
wr wkh vdph h{whqw dv wkh iudfwlrq wkdw lv plvvlqj gxh wr fhqvrulqj lq wkh uljkw
wdlo1 E| wklv/ v|pphwu| lv uhvwruhg dqg wkh phdq lv d frqvlvwhqw hvwlpdwru1 Wklv lv
wkh hvvhqfh ri wkh Srzhoo +4<;9, v|pphwulfdoo| wulpphg ohdvw vtxduhv hvwlpdwru iru
fhqvruhg gdwd1 Lq wkh vhfrqg dssurdfk/ zh wdnh wkh rssrvlwh vwdqg dqg iruhfdvw wkh
fhqvruhg revhuydwlrqv vr dv wr rewdlq d ixoo vdpsoh1 Dq lwhudwhg xvh ri iruhfdvwlqj
dqg ohdvw vtxduhv hvwlpdwlrq lv wkh hvvhqfh ri wkh Exfnoh| dqg Mdphv +4<:<, dqg
Krurzlw} +4<;9, hvwlpdwruv1

Wkhvh wzr dssurdfkhv wr hvwlpdwlrq fdq erwk eh h{whqghg wr lqfrusrudwh lqvwux0
phqwdo yduldeohv iru ghdolqj zlwk wkh hqgrjhqhlw| ri _/ dqg wkh| gr qrw xvh h{solflw
glvwulexwlrqdo dvvxpswlrqv lq dffrxqwlqj iru fhqvrulqj1 Qrwh dovr wkdw wkh vhohfwlrq
htxdwlrq lv ri qr gluhfw xvh iru wkhvh hvwlpdwruv/ zklfk wkhq duh ri d olplwhg lqirupd0
wlrq w|sh1 Wkh ehqh�w ri qrw dffrxqwlqj ixoo| iru wkh vhohfwlrq htxdwlrq lv d jdlq lq
urexvwqhvv/ exw d srwhqwldo orvv ri h!flhqf| li wkh vhohfwlrq htxdwlrq e| frlqflghqfh
zrxog eh fruuhfwo| vshfl�hg1 Wkh wzr hvwlpdwruv duh lqwurgxfhg lq dq lqvwuxphqwdo
yduldeoh vhwwlqj zlwk htxdoo| pdq| lqvwuxphqwv2edvlf yduldeohv dqg xqnqrzq q dqg
k sdudphwhuv1 Dq h{whqvlrq lqwr JPP hvwlpdwruv vhhpv vwudljkiruzdug/ exw lv qrw
frqvlghuhg1

614 Olplwhg Lqirupdwlrq Hvwlpdwlrq

Wkh h{whqvlrq ri wkh Srzhoo +4<;9, hvwlpdwru wr uljkw fhqvruhg gdwd dqg wr lqfoxgh
lqvwuxphqwdwlrq iru _ lv vwudljkwiruzdug1 Wkh nh| dvvxpswlrq iru Srzhoo*v v|pphwul0
fdoo| wulpphg hvwlpdwru lv wkdw / kdv d v|pphwulf glvwulexwlrq/ zkloh wkh hvwlpdwru
uhpdlqv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo dovr xqghu khwhurvnhgdvwlflw| lq j/1

Gh�qh w� ' Eq�c k�c  W� ' E �c _�� dqg 	 � ' E �c 	_��/ zkhuh 	_� lv dq lqvwuxphqwdo
yduldeoh iru _�1 Iru lqvwdqfh/ 	_� fdq eh wkh suhglfwhg ydoxh iurp d �uvw vwdjh Surelw
prgho dssolhg wr +5, ru iurp d uhjuhvvlrq ri _ rq wkh h{sodqdwru| yduldeohv dqg wkhlu
furvv0surgxfwv1
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Wkh Srzhoo hvwlpdwru dgdswhg wr uljkw fhqvrulqj +fi1 Euçqqçv/ 4<<5e/ fk1 6, dqg
lqvwuxphqwdo yduldeohv pd| eh zulwwhq
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Iru xqfhqvruhg revhuydwlrqv/ S� pd| eh vhw dw vrph odujh ydoxh vr wkdw wkh lqglfdwru
ixqfwlrqv lq sudfwlvh duh htxdo wr rqh dqg wkh pd{lpxp ydoxh lq +:, lv htxdo wr +�1
Wkh hvwlpdwru lv lwhudwhg xqwlo frqyhujhqfh1 Vdqwrv Vloyd +4<<;, uhfhqwo| sursrvhg
d prgl�fdwlrq iru wkh Wrelw prgho yhuvlrq wkdw erwk uhgxfhv wkh sureohp zlwk
qrqfrqyhujhqw lwhudwlrqv dqg vshhgv xs lwhudwlrqv vxevwdqwldoo|1 Dv zh rqo| revhuyh
wkh vpdoohu ri +� dqg S� dq duelwudulo| vhw S� zrxog vhhp wr uxoh rxw wkh xvhixoqhvv ri
wkh Vdqwrv Vloyd +4<<;, dssurdfk lq wkh suhvhqw vhwwlqj1

D frqvlvwhqw hvwlpdwru ri wkh fryduldqfh pdwul{ lv ri wkh irup

�J�E	w� ' ?3��3�#�3�c

zkhuh

� ' ?3�
?[
�'�

�E2 W� 	w�S� � +� 	 S��	 
�

� 
W

�

# ' ?3�
?[
�'�

�E W� 	w 	S��4�? E	/2
� c ES� �  W�

	w�2�	 ��	 ��

Vdqwrv Vloyd +4<<;, irxqg qr vwurqj uhdvrq wr lpsuryh rq wkh fryduldqfh pdwul{
hvwlpdwru vxjjhvwhg e| Srzhoo +4<;9, iru wkh Wrelw prgho1 Wkh fryduldqfh pdwul{
hvwlpdwru jlyhq deryh wkhuhiruh rqo| dgdswv wkh ruljlqdo Srzhoo*v hvwlpdwru wr uljkw
fhqvruhg gdwd dqg iru wkh lqvwuxphqwdo yduldeohv1

Krqruì dqg Srzhoo +4<<7, surylgh dq hvwlpdwru wkdw dovr xvhv wulpplqj exw ds0
solhv wr qrqv|pphwulf glvwulexwlrqv dv zhoo1 Lq d vlpxodwlrq wkh| irxqg wkh Srzhoo
hvwlpdwru wr eh uhodwlyho| urexvw djdlqvw qrqv|pphwulf glvwulexwlrqv/ exw wkdw wkhlu
hvwlpdwru dqg lq sduwlfxodu wkh Exfnoh| dqg Mdphv +4<:<, hvwlpdwru shuiruphg yhu|
zhoo lq whupv ri eldv dqg PVH1 Xqiruwxqdwho|/ wkh Krqruì dqg Srzhoo +4<<7, hvwl0
pdwru uhtxluhv dq revhuyhg fhqvrulqj yduldeoh dovr zkhq fhqvrulqj lv qrw uhjlvwhuhg1
Wklv lv wrr vwurqj dq dvvxpswlrq iru prvw sxusrvhv1 Iru wkh dgdswhg Srzhoo hv0
wlpdwru zh fkrvh wr vhw wkh fhqvrulqj ydoxhv dw vrph odujh ydoxh iru qrqfhqvruhg
revhuydwlrqv1 Dv wkh Krqruì dqg Srzhoo +4<<7, hvwlpdwru lv edvhg rq sdluv ri re0
vhuydwlrqv wklv pd| eh d pruh vhqvlwlyh vhwwlqj1 Iru wklv uhdvrq wkh hvwlpdwru lv ohiw
rxwvlgh wklv vwxg|1

Exfnoh| dqg Mdphv +4<:</ iru uljkw fhqvruhg gxudwlrq gdwd, dqg Krurzlw} +4<;9/
iru ohiw fhqvruhg dw }hur 0 Wrelw prgho gdwd, sursrvh hvwlpdwruv wkdw uhvhpeoh wkh
HP0dojrulwkp dqg iru gxudwlrq gdwd hvwlpdwh .E/m/ : S�  Ww� qrqsdudphwulfdoo|1
Lq wklv fdvh/ wkhuh lv qr v|pphwu| dvvxpswlrq rq /1 Dq h{whqvlrq wr doorz iru
lqvwuxphqwdo yduldeohv dsshduv vwudljkwiruzdug khuh dv zhoo1 Wklv hvwlpdwru grhv qrw

8



doorz iru khwhurvnhgdvwlflw|/ krzhyhu1 Euçqqçv dqg Odlwlod +4<;<, dqg Prrq +4<;<,
ghprqvwudwh frqvlghudeoh vhqvlwlylw| lq wklv uhvshfw1 Mdphv dqg Vplwk +4<;7, suryhv
frqvlvwhqf| iru d vlpsoh prgho dqg Zx dqg ]xerylf +4<<8, vwxg| wkh  xfwxdwlrqv
ri wkh dojrulwkp1

Iru jlyhq _�/

.E+�m+� : S�� '  �q n k_� n j.E/�m/� : ES� �  �q � k_��*j�c

zkhuh zh hpsor| wkh qrqsdudphwulf Ndsodq0Phlhu ru surgxfw0olplw hvwlpdwru iru
wkh hvwlpdwlrq ri wkh frqglwlrqdo h{shfwdwlrq lq wkh uljkw kdqg vlgh h{suhvvlrq1 Ohw
	e� ' +W� � �	q�	k_� zlwk +W� ' 4�?E+�c S�� eh wkh uhvlgxdo1 Wkh surgxfw0olplw hvwlpdwru
ri wkh vxuylyru ixqfwlrq/ �� 8 E��/ lv

�� 	8 E/� '
\
	eE��$/

�
��

6E��

?E��

�4E��

c +;,

zkhuh 	eE�� 	 	eE2� 	 � � � 	 	eE?� duh wkh vl}h rughuhg ydoxhv rq 	e�/ ?E�� lv wkh qxpehu ri
uhvlgxdov dw ulvn dw 	eE��3 +l1h1 mxvw wr wkh ohiw ri 	eE��,/ 6E�� lv wkh qxpehu ri frpsohwhg
gxudwlrqv dw 	eE��/ dqg 4E�� ' � li 6E�� : f dqg 4E�� ' f rwkhuzlvh1 Li wkh odujhvw 	e�
lv fhqvruhg/ wkh uhpdlqlqj pdvv lv dvvljqhg wr 	eE?� e| frqyhqwlrq1 Dw lwhudwlrq o ri
wkh dojrulwkp zh kdyh wkh iroorzlqj suhglfwru iru fhqvruhg revhuydwlrqv

	+� '  �	qo n 	ko_� n
[

�G	e�D	e�

	sE	e��	e�*d�� 	8 E	e��oc +<,

zkhuh 	sE	e�� lv dq hvwlpdwru ri sE�� wkdw fdq eh rewdlqhg iurp 	8 E��1 Lqvwhdg ri ROV
hvwlpdwlrq lq wkh uhjuhvvlrq ri + ru 	+ +iru fhqvruhg revhuydwlrqv, rq  dqg _ dv lq wkh
ruljlqdo Exfnoh| dqg Mdphv +4<:<, hvwlpdwru/ zh sursrvh dq lqvwuxphqwdo yduldeoh
hvwlpdwru

	w�a' E	j�j
W

�3� 	j��)c +43,

zkhuh �) kdv hohphqwv + ru 	+1 Wkh hvwlpdwlrq ri wkh fryduldqfh pdwul{ ri 	w�a

iru wkh edvlf prgho lv glvfxvvhg lq Euçqqçv +4<<5e,1 Dq h{whqvlrq wr wkh suhvhqw
lqvwuxphqwdo yduldeoh frqwh{w lv vwudljkwiruzdug=

�J�E	w�a� ' 	j2E	j�j
W

�3� 	j� 	jEjW� 	j�3��

Iru 	j2 zh xvh rqo| uhvlgxdov iru ixoo revhuydwlrqv1 Xvlqj d nhuqho hvwlpdwru ri sE��
dqg vrph vprrwkhu ri 8 E�� pd| holplqdwh wkh srwhqwldo f|folflw| ri wkh dojrulwkp1
Wkh f|folflw| dulvhv gxh wr wkh glvfuhwh mxpsv lq 	sE�� dqg 	8 E��1

Wkhvh hvwlpdwruv surylgh 	k hvwlpdwhv dqg fruuhvsrqg wr wkh �uvw phdvxuh1 Lq
Vhfwlrq 8 zh zloo lqglfdwh d zd| wr hvwlpdwh wkh vhfrqg phdvxuh ri Vhfwlrq 5 dv zhoo1
Wr rewdlq wkh vhfrqg phdvxuh rqh frxog dovr xvh qrupdo glvwulexwlrq uhvxowv dqg d
�uvw vwdjh Surelw PO hvwlpdwru/ ru vd|/ uxq d sro|qrpldo uhjuhvvlrq ri 	/ rq 	1 zklfk
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wkhq lv xvhg wr dssur{lpdwh wkh frqglwlrqdo h{shfwdwlrqv1 Zh zloo qrw sxuvxh vxfk
lghdv ixuwkhu lq wklv sdshu1

Zlwklq wkh kd}dug ixqfwlrq vhwwlqj dffrxqwlqj iru vhohfwlrq lv txlwh vwudljkwiru0
zdug1 Dv rqh dssurdfk zh vxjjhvw= vwduw zlwk wkh frqyhqwlrqdo olnholkrrg htxdwlrqv
edvhg rq d kd}dug ixqfwlrq bfE|� i TE 

Ww� iru wkh sdudphwhu yhfwru w/ l1h1

Y *?u

Yw
'

?[
�'�

 W�� E+� � \�Ew��c

zkhuh \�Ew� lv wkh lqwhjudwhg kd}dug ixqfwlrq dqg pd| ghshqg rq rwkhu sdudphwhuv
wkdq w dv zhoo1 Ohdyh wkh uhvlgxdo sduw/ +� � \�Ew�/ lqwdfw1 Lq wkh lqvwuxphqwdo
yduldeoh sduw/  W� / uhsodfh wkh _ yduldeoh e|

	_ ru d zkroh vhw ri lqvwuxphqwdo yduldeohv
+h1j1/ wkrvh lqfoxghg lq 3,1 Ilqdoo|/ xvh JPP edvhg rq wkh prgl�hg dqg srvvleo|
xqdowhuhg +iru rwkhu sdudphwhuv, olnholkrrg htxdwlrqv lqvwhdg ri PO hvwlpdwlrq wr
rewdlq hvwlpdwhv1

71 Prqwh Fduor Vwxg|

Wklv vpdoo Prqwh Fduor dlpv dw= ^4` vwxg|lqj wkh ROV +dv d uhihuhqfh,/ wkh Srzhoo/
dqg wkh Exfnoh|0Mdphv +wkh odwwhu wzr zlwk lqvwuxphqwdo yduldeohv dqg dffrxqwlqj
iru fhqvrulqj, hvwlpdwruv ri wkh k sdudphwhu lq whupv ri wkhlu vpdoo vdpsoh shu0
irupdqfhv/ dqg ^5` vwxg|lqj wkh srzhu surshuwlhv ri frqyhqwlrqdo |0whvwv ri k ' f
djdlqvw k 9' f1 Zh uhfrjql}h iurp wkh rxwvhw wkdw wklv vwxg| fdq eh dw prvw sduwldo1
Wkh rxwfrph frxog wkhuhiruh vfuhhq rxw hvwlpdwruv2whvwv wkdw xqghushuirup vhyhuo|1
D srvlwlyh rxwfrph fdqqrw eh ryhuo| vwuhvvhg/ krzhyhu1

Wkh vwxg| lv edvhg rq wkh vlpsoh gdwd jhqhudwlqj surfhvv

+� ' � n %� n k_� n /�

_� '

�
�c
fc

B� ' 2�D� 5� n 1� : f
B� � f�

Zh ohw k ' fc f��c f�2c f��/ dqg 4 ' j/1 ' �f�.c�f��Dc fc f��Dc f�.1 Lq wkh �uvw
h{shulphqw wkh glvwulexwlrqv ri /� dqg 1� duh erwk qrupdo zlwk }hur phdqv dqg xqlw
yduldqfhv/ zkloh lq wkh vhfrqg h{shulphqw /� lv d olqhdu frpelqdwlrq ri wkh qrupdo
1� dqg d vwdqgdugl}hg h{wuhph0ydoxh yduldeoh /W� 1 Wkh h{sodqdwru| yduldeohv %� dqg
5� duh jhqhudwhg dv lqghshqghqw iurp xqlirup Efc D� glvwulexwlrqv dqg nhsw frqvwdqw
gxulqj uhsolfdwlrqv1 Fhqvrulqj lv ydulhg dv S� ' >n #�/ zkhuh #� lv vwdqgdug qrupdo
dqg > ' ��D +fruuhvsrqglqj wr 83086 shufhqw ri fhqvruhg revhuydwlrqv, dqg e +6;0
74 shufhqw fhqvrulqj,1 Iru wkh vhfrqg h{shulphqw wkh fhqvrulqj shufhqwdjhv duh
pdujlqdoo| kljkhu1 Wkh vdpsoh vl}hv duh vhw wr 833 dqg 8333/ dqg 4333 uhsolfdwlrqv
duh uxq lq hdfk fhoo1 Wkh qrplqdo whvw vl}h lv vhw dw 31381 Dv dq lqvwuxphqwdo yduldeoh
zh xvh 	_� ' 5�1 Wkh gluhfw fruuhodwlrq ehwzhhq _ dqg 	_ lv derxw 031::1

Iru wkh Srzhoo hvwlpdwru suholplqdu| lqvshfwlrq uhyhdov d f|folfdo sureohp> hvwl0
pdwhv dw wkh lwhudwlyh vwhs & pd| eh htxdo wr hvwlpdwhv dw & � 2/ & � �/ ru vr rq1
Lq wkh vlpxodwlrqv zh wkhuhiruh fkhfn ryhu 8 vwhsv iru lghqwlfdo hvwlpdwhv1 Li wkhuh
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Iljxuh 4= Eldvhv ri wkh ROV +rqo| lq ohiw kdqg judsk D, dqg wkh dgdswhg Srzhoo
+eodfn dqg vtxduh pdunhu, dqg Exfnoh|0Mdphv +zklwh dqg flufxodu pdunhu, hvwlpd0
wruv iru ? ' Dff dqg ef shufhqw fhqvrulqj1 Judsk D lv iru wkh qrupdo glvwulexwlrq
fdvh dqg judsk E iru wkh h{wuhph0ydoxh2qrupdo glvwulexwlrq fdvh1
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n = 5000
n = 5000

n = 500
n = 500

Iljxuh 5= Srzhu ixqfwlrqv iru dgdswhg Srzhoo +vrolg olqh, dqg Exfnoh|0Mdphv +grw0
gdvkhg olqh, whvw vwdwlvwlfv ri k ' f djdlqvw k 9' f E? ' Dff dqg Dfff/ 73 shufhqw
fhqvrulqj/ dqg 4 ' f dqg 31:�1 Judsk D lv iru wkh qrupdo glvwulexwlrq fdvh/ dqg
judsk E lv iru wkh h{wuhph0ydoxh2qrupdo fdvh1
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duh vpdoohu wkdq 3133334 gl�huhqfhv/ zh lqwhuuxsw lwhudwlrqv dqg wdnh wkh dyhudjh ri
wkh �qdo irxu lwhudwlrqv wr eh wkh hvwlpdwhv1 Wkh fkhfnlqj vwduwv dw wkh 9wk lwhudwlyh
vwhs1 Wkh lqvshfwlrq vxjjhvwv wkdw gl�huhqfhv lq hvwlpdwhv ryhu wkh f|fohv duh txlwh
vpdoo dqg pd| jr xqqrwlfhg zlwk d ohvv vwulqjhqw frqyhujhqfh fulwhulrq wkdq wkh
xvhg= qr gl�huhqfh ehwzhhq vxffhvvlyh lwhudwlrqv vkrxog h{fhhg 31333341 Qr f|folfdo
sureohp zdv ghwhfwhg iru wkh Exfnoh|0Mdphv hvwlpdwru1

Lq Iljxuh 4 zh uhsruw eldv uhvxowv ri wkh ROV/ Srzhoo dqg Exfnoh|0Mdphv hv0
wlpdwruv iru ? ' Dff1 Wkh ohiw judsk lv iru wkh qrupdo glvwulexwlrq fdvh dqg wkh
uljkw kdqg judsk iru wkh fdvh ri wkh olqhdu frpelqdwlrq ri h{wuhph0ydoxh dqg qru0
pdo1 Wkh ROV hvwlpdwru h{shfwhgo| vwdqgv rxw zlwk lwv kxjh eldv wkdw lv lqyduldqw
zlwk uhvshfw wr k exw lqfuhdvhv olqhduo| zlwk wkh ydoxh ri 417 Lq judsk D erwk wkh
dgdswhg Srzhoo dqg Exfnoh|0Mdphv hvwlpdwruv kdyh eldvhv wkdw rqo| pdujlqdoo| eh0
frph odujhu zlwk 41 Wkhvh hvwlpdwruv dovr kdyh pdujlqdoo| odujhu eldvhv iru odujhu
ydoxhv rq k1 Wkh eldv ri wkh Exfnoh|0Mdphv hvwlpdwru lv voljkwo| odujhu wkdq wkdw ri
wkh Srzhoo hvwlpdwru iru k ' f�� exw vpdoohu dw k ' f1 Doo eldvhv exw wkrvh ri wkh
Exfnoh|0Mdphv hvwlpdwru iru k � f�� duh qhjdwlyh1 Iru ? ' Dff/ wkh yduldqfh ri wkh
Srzhoo hvwlpdwru lv 3134; iru 73 shufhqw fhqvrulqj dqg 31348 iru wkh Exfnoh|0Mdphv
hvwlpdwru1 Iru 83 shufhqw fhqvrulqj zh kdyh yduldqfhv 31353 dqg 31348/ uhvshfwlyho|1
Iru wklv fhqvrulqj ghjuhh/ wkh yduldqfhv gurs wr 31335 dqg 31335031336/ uhvshfwlyho|/
iru ? ' Dfff1 Wkh eldvhv ri wkh wzr dgdswhg hvwlpdwruv duh voljkwo| kljkhu iru wkh
kljkhu fhqvrulqj ghjuhh1 Lq judsk E zh qrwlfh wkdw wkh Exfnoh|0Mdphv hvwlpdwru
kdv odujhu devroxwh eldv wkdq wkh Srzhoo hvwlpdwru iru wzr fdvhv +k ' f dqg f��,1
Lw iroorzv iurp wklv olplwhg h{shulphqw wkdw wkhuh duh qr kxjh gl�huhqfhv lq phdq
vtxduh huuru ehkdylru ehwzhhq wkh dgdswhg Srzhoo dqg Exfnoh|0Mdphv hvwlpdwruv1

Srzhoo dqg Exfnoh|0Mdphv hvwlpdwruv wkdw gr qrw dffrxqw iru vhohfwlrq kdyh
eldvhv qrw wrr gl�huhqw iurp wkrvh ri wkh ROV hvwlpdwru1 Iurp wklv zh frqfoxgh
wkdw/ dw ohdvw lq wklv fdvh/ vhohfwlrq kdv d eldvlqj h�hfw wkdw lv pruh vhyhuh wkdq kdv
fhqvrulqj1 Iru ? ' Dff dqg 73 shufhqw fhqvrulqj wkh Srzhoo hvwlpdwru uhtxluhg 90:
lwhudwlyh vwhsv/ zkloh wkh Exfnoh|0Mdphv hvwlpdwru uhtxluhg <045 vwhsv1 Wkh Srzhoo
hvwlpdwru lv pxfk idvwhu wr fdofxodwh1 Lq sduwlfxodu iru ? ' Dfff wkh uhshdwhg vruwlqj
uhtxluhg lq wkh Exfnoh|0Mdphv hvwlpdwru pdnhv vlpxodwlqj lw txlwh wlph frqvxplqj1

Wkh srzhu ixqfwlrqv iru whvw vwdwlvwlfv ri k ' f djdlqvw k 9' f edvhg rq wkh
dgdswhg Srzhoo dqg Exfnoh|0Mdphv hvwlpdwruv duh glvsod|hg lq Iljxuh 5 iru wkh wzr
vdpsoh vl}hv/ 73 shufhqw fhqvrulqj/ 4 ' f dqg 31:/ dqg iru wkh wzr h{shulphqwv
+judsk D dqg E/ uhvshfwlyho|,1 Reylrxvo|/ wkhuh lv qr vwurqj h�hfw ri 4 dv olqhv
duh txlwh forvh lq sduwlfxodu iru wkh odujhu vdpsoh vl}h1 Wkhuh lv dq h{shfwhg vwurqj
vdpsoh vl}h h�hfw wkdw dovr uhyhuvhv wkh rughu ehwzhhq wkh wzr whvwv1 Wkh Srzhoo whvw
lv pruh srzhuixo iru ? ' Dfff/ zkloh wkh Exfnoh|0Mdphv whvw lv pruh srzhuixo iru wkh
vpdoohu vdpsoh vl}h1 Wkh vl}hv ri erwk whvw vwdwlvwlfv duh wkurxjkrxw vljql�fdqwo| wrr
vpdoo1 Iru wkh Exfnoh|0Mdphv hvwlpdwru lq wkh qrupdo glvwulexwlrq h{shulphqw zlwk
83 shufhqw fhqvrulqj wkh vl}hv duh 3138< dqg 31393 iru wkh wzr ohyhov ri 4/ uhvshfwlyho|1

7Reylrxvo|/ wkh eldvhv/ yduldqfhv/ hwf1 ri wkh ROV hvwlpdwru fdq eh dqdo|wlfdoo| ghwhuplqhg

xqghu glvwulexwlrqdo dvvxpswlrqv1 Xqghu qrupdolw| vrph ri wkh uhxowv jlyhq lq Dsshqgl{ E zloo eh

xvhixo1
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Wdeoh 4= Yduldeohv dqg ghvfulswlyh vwdwlvwlfv E? ' �Dbbf�1

DHL OPW

Vwdqgdug0 Vwdqgdug0

Yduldeoh Phdq ghyldwlrq Phdq ghyldwlrq

Lqvlghu wlph ;:1< 9318 4;:19 43:19

Jhqghu +Ihpdoh@4, 31:5 3178 3175 317<

Djh 6614 :14 6317 <13

Fkloguhq dw krph 413; 414; 3196 4139

Glvdelolw| 313: 3159 3145 3165

Qdwlrqdolw| +Vzhglvk, 31<6 3158 31;8 3169

Qdwlrqdolw| +Qruglf frxqwu|/ qrq0Vzhglvk, 3136 3149 3135 3146

Qdwlrqdolw| +Hxursh/ qrq Qruglf, 3135 3146 313; 315:

Hgxfdwlrq +Sulpdu| vfkrro, 3155 3174 314< 316<

Hgxfdwlrq +Vhfrqgd| vfkrro,@ 313< 315< 315< 3179

Hgxfdwlrq +Srvw0vhfrqgdu| vfkrro, 3139 3156 3148 3169

Xqhpsor|phqw ehqh�w +4<<:, 31;9 3168 3199 317:

Xqhpsor|phqw/ fdvk dvvlvwdqfh +4<<:, 3136 3149 3135 3148

Xqhpsor|phqw udwh +frxqwlhv/ 4<<;, 91:4 417; 917; 4176

Gd|v lq hyhqw gdwdedvh +4<<80<9,K 73514 59:15 7461: 58;1<

Qxpehu ri vwdwhv lq hyhqw gdwd edvh +4<<80<9, 6184 51:5 61<: 51:5

Hqglqj wudlqlqj Pd|�Mxqh 4<<; 31;6 316; 3164 3179

qxpehu ri revhuydwlrqv 47 8:; 4 745

Qrwhv= Prvw ri wkh gdwd frphv iurp wkh hyhqw klvwru| gdwdedvh Kçqgho nhsw dw wkh

Vzhglvk Oderxu Pdunhw Erdug iru dgplqlvwudwlyh sxusrvhv1
@ Vhfrqgdu| vfkrro lv wkh wkuhh |hdu irup/ l1h1 5 |hdu vhfrqgdu| vhuyhv dv d edvh1
K Dv xqhpsor|hg1

Qhlwkhu lv vljql�fdqwo| gl�huhqw iurp wkh qrplqdo vl}h1

81 Hpslulfdo Uhvxowv

Wkh Vzhglvk Dgxow Hgxfdwlrq Lqlwldwlyh +DHL, vwduwhg lq Mxo| 4<<: dqg wdujhwv
sulpdulo| dgxow xqhpsor|hg zkr odfn d wkuhh |hdu vhfrqgdu| vfkrro hgxfdwlrq1 Hp0
sor|hhv zlwk d vkruw hgxfdwlrq fdq dovr eh lqfoxghg1 D{hovvrq dqgZhvwhuoxqg +4<<<,
jlyh dq h{whqvlyh edfnjurxqg ghvfulswlrq rq surjudpv dqg sduwlflsdqwv1

Wkh uhvxowv suhvhqwhg lq wklv vhfwlrq duh edvhg rq d vdpsoh ri 48 <<3 lqglylgxdov
zkr sduwlflsdwhg lq DHL ru oderu pdunhw wudlqlqj +OPW, surjudpv hqglqj lq hlwkhu
ri wkh shulrgv Pd| � Mxqh 4<<; +:; shufhqw ri wkh revhuydwlrqv, ru Ghfhpehu 4<<:
� Mdqxdu| 4<<; +55 shufhqw,1 Sduwlflsdqw zhuh xqhpsor|hg ehiruh hqwhulqj hlwkhu
surjudp1 Wkh hydoxdwlrq yduldeoh xqghu vwxg| lv wkh wrwdo wlph rxwvlgh wkh dfwlyh ru
sdvvlyh phdvxuhv +froohfwlyho| odehoohg xqhpsor|phqw, ri wkh Oderu Pdunhw Erdug1
Wkh wrwdo wlph wkhq frqwdlqv wlph vshqw lq hpsor|phqw +derxw 48 shufhqw ri wkh
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Iljxuh 6= Ndsodq0Phlhu hvwlpdwhg vxuylydo ixqfwlrqv iru srvw0surjudp lqvlghu wlph
lq gd|v iru DHL +grw0gdvkhg olqh, dqg OPW +vrolg olqh,1

h{lwv duh wr hpsor|phqw, dv zhoo dv rxwvlgh wkh oderu irufh/ h1j1/ lq vwxglhv +derxw
:6 shufhqw,1 Iru wkh gxudwlrq yduldeoh zh fkrrvh wr xvh wkh whup lqvlghu wlph iru
euhylw|18

Lq Wdeoh 4 zh jlyh d vxppdu| ri wkh xwlol}hg yduldeohv wrjhwkhu zlwk ghvfulswlyh
vwdwlvwlfv1 Lq Iljxuh 6 wkh vxuylydo ixqfwlrqv iru wkh DHL dqg OPW jurxsv duh
h{klelwhg1 Wkh fhqvrulqj ghjuhh lv dv kljk dv ::17 shufhqw ri doo gxudwlrqv1 Reylrxvo|/
wklv fdq eh lqwhusuhwhg dv d jrrg vljqdo dv lw lqglfdwhv wkdw derxw :: shufhqw ri doo
lqglylgxdov zhuh rffxslhg lq vwxglhv ru kdg hpsor|phqw dw wkh wlph zkhq gxudwlrqv
zhuh rewdlqhg1 Derxw < shufhqw ri wkh lqglylgxdov frph iurp OPW dqg dprqj
wkhp derxw 8< shufhqw kdg rqjrlqj vwxglhv ru hpsor|phqw1 Lw vkrxog eh revhuyhg
wkdw DHL surjudpv duh lqwhqghg wr suhsduh sduwlflsdqwv/ h1j1/ iru ixuwkhu vwxglhv
dv zhoo dv iru zrun1 Wdeoh 4 vkrzv wkdw dyhudjh lqvlghu wlphv duh pxfk orqjhu iru
OPW sduwlflsdqwv1 Wkhvh wr d ohvvhu h{whqw sxuvxh ixuwkhu vwxglhv1 Wkh dyhudjh
sduwlflsdqw lq hlwkhu surjudp kdv d klvwru| ri xqhpsor|phqw uh hfwhg e| wkh odujh
dyhudjh qxpehu ri gd|v ri xqhpsor|phqw gxulqj 4<<804<<9 dv zhoo dv wkh qxpehu
ri vwdwhv rffxslhg1 Wkh gl�huhqfhv ehwzhhq wkh wzr sduwlflsdqw jurxsv duh qrw
vljql�fdqw1 Iljxuh 6 lqglfdwhv d phgldq lqvlghu wlph ri 56; gd|v iru DHL sduwlflsdqwv
zkloh wkh phgldq h{fhhgv 683 gd|v iru OPW sduwlflsdqwv1 Wkh vxgghq gurs dw rqo|
d ihz gd|v dv zhoo dv dw derxw 483 gd|v iru DHL sduwlflsdqwv dsshduv wr dulvh iurp

8Qr frqqhfwlrq wr wkh lqvlghu0rxwvlghu wkhru| lv lqwhqghg1
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Wdeoh 5= Sdudphwhu hvwlpdwhv iru wkh gxudwlrq prgho1

Srzhoo Exfnoh|0Mdphv

Yduldeoh Hvw1 v1h1 Hvw1 v1h1

Jhqghu 31448 31433 031339 3134:

Djh243 31354 31384 3133: 31338

Fkloguhq dw krph 031348 31365 031336 3133:

Glvdelolw| 031355 3145< 031385 31364

Qdwlrqdolw| +Vzhglvk, 313;7 31536 313:7 31386

Qdwlrqdolw| +Qruglf frxqwu|, 3136< 315<7 3139: 313:5

Qdwlrqdolw| +Hxursh, 031386 31633 0313:8 313:6

Hgxfdwlrq +Sulpdu| vfkrro, 31349 3147; 031369 31353

Hgxfdwlrq +Vhfrqgd| vfkrro, 314:3 314:8 03136: 31368

Hgxfdwlrq +Srvw vhfrqgdu| vfkrro, 031649 314<5 313;< 3136:

Xqhpsor|phqw ehqh�w 031:48 315:6 03193: 3135:

Xqhpsor|phqw/ fdvk dvvlvwdqfh 031676 31565 0316:< 31387

Xqhpsor|phqw udwh243 313;4 315:; 313:3 31389

Gd|v lq hyhqw gdwdedvh24333 031649 314<5 0314;8 31376

Qxpehu ri vwdwhv lq hyhqw gdwdedvh243 0314:7 314:< 0314:3 31376

Sduwlflsdqw lq DHL 041973 3186; 04187: 313<3

Hqglqj odwh 4<<; 41646 313;6 416:: 3135;

Frqvwdqw 81638 316:: 81593 313<4

Qrwh= 	j2 ' ��S2D +Exfnoh|0Mdphv, dqg 	j2 ' ��S2� +Srzhoo,1

wkrvh wkdw hqg ru kdyh d euhdn iurp DHL uhsruw wkhpvhoyhv dv xqhpsor|hg iurp wkh
hduo| gd|v ri wkh vxpphu1

Iru wkh fuhdwlrq ri dq lqvwuxphqwdo yduldeoh iru _ zh xvh d �uvw vwdjh Surelw
prgho hvwlpdwhg e| PO1 Wkh uhvxowv dqg wkh vshfl�fdwlrq duh jlyhq lq Wdeoh F4 lq
Dsshqgl{ F1 Wkh fruuhodwlrq ehwzhhq _� dqg 	_� ' �hE_� ' �m	�� lv 318<1 Uxqqlqj
d uhjuhvvlrq ehwzhhq wkh 	_� rewdlqhg e| wkh vhohfwlrq prgho dqg wkh h{sodqdwru|
yduldeohv ri wkh prgho jlyhv dq -2 ri 3163/ zklfk zh uhjdug dv txlwh lqqrfhqw1

Wkh hvwlpdwlrq uhvxowv iru wkh gxudwlrq prgho duh vxppdul}hg lq Wdeoh 51 Wkh
jlyhq hvwlpdwhv +Srzhoo dqg Exfnoh|0Mdphv, fruuhvsrqg wr wkh hvwlpdwruv wkdw df0
frxqw iru erwk fhqvrulqj dqg vhohfwlrq1 Wkh nh| sdudphwhu ri lqwhuhvw lv wkdw ri wkh
DHL gxpp| yduldeoh dqg iru erwk hvwlpdwruv zh jhw d qhjdwlyh vljq fruuhvsrqglqj
wr vkruwhu lqvlghu wlphv iru DHL sduwlflsdqwv1 Wkh h�hfw lv lq idfw vxevwdqwldo dv lw
fruuhvsrqgv wr ;319 shufhqw vkruwhu lqvlghu wlphv iru wkh Srzhoo hvwlpdwru dqg :;1:
shufhqw iru wkh Exfnoh|0Mdphv hvwlpdwru1 Wkh h�hfw lv vljql�fdqw iru erwk hvwlpd0
wruv1 Wkh rqo| rwkhu yduldeohv wkdw kdyh vljql�fdqw h�hfwv xvlqj wkh Srzhoo hvwlpdwru
duh wkrvh ri wkh xqhpsor|phqw ehqh�w dqg wkh lqglfdwru iru hqglqj hgxfdwlrq lq wkh
hduo| sduw ri wkh vxpphu 4<<;1 Wkh iruphu yduldeohv kdv wkh h�hfw ri vkruwhqlqj
lqvlghu wlphv zklfk lv wkh h{shfwhg uhvxow1 Xvlqj wkh Exfnoh|0Mdphv hvwlpdwru lq0
glfdwhv vrph gl�huhqfhv/ exw wkh pdlq frqfoxvlrqv uhpdlq hyhq vwurqjhu1 Dv wkh
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Exfnoh|0Mdphv hvwlpdwru kdv vxevwdqwldoo| vpdoohu vwdqgdug huuruv vhyhudo yduldeohv
qrz kdyh vljql�fdqw h�hfwv1 Erwk irupv ri xqhpsor|phqw vxssruw kdyh vljql�fdqw
h�hfwv ri wkh h{shfwhg qhjdwlyh vljqv1 Wkh klvwru| yduldeohv/ gd|v dqg qxpehu ri
vwdwhv/ erwk kdyh vljql�fdqw h�hfwv ri h{shfwhg vljqv dv kdv wkh hqglqj odwh 4<<;
lqglfdwru yduldeoh1

Lq Wdeoh F5 lq Dsshqgl{ F zh jlyh hvwlpdwhv rewdlqhg e| lqdssursuldwho| xvhg
ROV/ Srzhoo dqg Exfnoh|0Mdphv hvwlpdwruv1 Wkhvh gr qrw dffrxqw iru fhqvrulqj/
vhohfwlrq ru erwk1 Wkhvh hvwlpdwruv duh xwlol}hg wr lqglfdwh wkh lpsdfw ri qhjohfwlqj
fhqvrulqj dqg vhohfwlrq dqg qrw iru wkhlu hvwlpdwhv shu vh19 Zh qrwh/ krzhyhu/ wkdw
vljqv lq prvw fdvhv uhpdlq xqdowhuhg ehwzhhq wkhvh hvwlpdwruv dqg wkrvh ri Wdeoh
51 Wkh vl}hv ri sdudphwhu hvwlpdwhv duh iuhtxhqwo| vpdoohu1 Wkh h�hfw ri wkh DHL
surjudp sduwlflsdwlrq lv vxevwdqwldoo| vpdoohu zkhq wkh vhohfwlrq h�hfw lv qhjohfwhg1
Iru wkhvh hvwlpdwhv wkh DHL lqvlghu wlphv duh :416/ :618 dqg 9<1; shufhqw vkruwhu/
uhvshfwlyho|1 Qrwdeoh lv dovr wkh pxfk odujhu vwdqgdug huuruv ri wkh Srzhoo wkdq ri
wkh ROV dqg Exfnoh|0Mdphv hvwlpdwruv1 Lq prvw fdvhv wkh ROV dqg Exfnoh|0Mdphv
hvwlpdwhv duh uhodwlyho| forvh wr hdfk rwkhu1

Qh{w zh wxuq wr wkh lpsolhg ghqvlw| dqg kd}dug ixqfwlrqv ri wkh hvwlpdwhg prg0
hov1 Dv wkh edvlv iru wklv h{huflvh zh fkrrvh wr xvh wkh Exfnoh| dqg Mdphv +4<:<,
hvwlpdwru/ dv wkh glvwulexwlrq ixqfwlrq/ 8lE/�/ ri / lv douhdg| hvwlpdwhg lq wklv
fdvh1 Wkh prgho hvwlpdwhg e| wkh Srzhoo hvwlpdwru zrxog uhtxluh wkdw zh �uvw hv0
wlpdwh 8lE��1 Lq Iljxuh 7 zh jlyh wkh hvwlpdwhg ghqvlw| ixqfwlrq 	slE/�1 Wkh xvhg
nhuqho hvwlpdwru lv edvhg rq d vwdqgdug qrupdo ghqvlw| ixqfwlrq dv wkh nhuqho dqg
wkh edqgzlgwk lv vhw htxdo wr 41 Dv lv reylrxv wkh hvwlpdwhg ghqvlw| lv qhjdwlyho|
vnhzhg zlwk d idw ohiw wdlo1 Wkh wdlov duh idwwhu wkdq wkrvh ri d vwdqgdug h{wuhph0
ydoxh glvwulexwlrq +fruuhvsrqglqj wr Zhlexoo glvwulexwhg gxudwlrq |,1 Wkh hvwlpdwhg
dv|pphwulf ghqvlw| ixqfwlrq lv qrw yhu| gl�huhqw iurp wkh ghqvlw| hpsor|hg lq wkh
Prqwh Fduor vwxg| dv wkh vhfrqg h{shulphqw1 Khqfh/ wkrxjk wkh Srzhoo hvwlpdwru
suhvxphv v|pphwu| lw zdv qrw irxqg wr eh h{fhvvlyho| vhqvlwlyh wr dv|pphwu|/ dqg
wkhuhiruh wkh Srzhoo hvwlpdwhv fdq qrw eh glvuhjdughg iru wklv uhdvrq1 Reylrxvo|/
wkh vnhzqhvv vshdnv djdlqvw wkh xvh ri qrupdolw| edvhg PO hvwlpdwlrq ru wkh ohdvw
vtxduhv surfhgxuh ri Dsshqgl{ E1

Wr rewdlq wkh kd}dug ixqfwlrq ri | zh xvh wkh uhvxow wkdw wkh glvwulexwlrq ixqfwlrq
ri | iru jlyhq _ fdq eh zulwwhq lq whupv ri wkh 8l glvwulexwlrq=

8 E|� ' 8ldE*? |�  q � k_�*jo�

Wkh kd}dug ixqfwlrq frqglwlrqdo rq _ fdq zlwk vxevwlwxwhg hvwlpdwhv eh zulwwhq rq
wkh irup

	bE|� '
	j3�|3� 	sldE*? |�  	q � 	k_�*	jo

�� 	8ldE*? |�  	q � 	k_�*	jo
�

9Wr whvw irupdoo| djdlqvw d vhohfwlrq h�hfw xvlqj d Gxuelq0Zx0Kdxvpdq whvw lv qrw vwudljkwiru0
zdug lq wklv fdvh1 Wkh whvw uhvwv rq rqh hvwlpdwru ehlqj h!flhqw +dqg frqvlvwhqw, xqghu wkh qxoo

ri qr vhohfwlrq h�hfw1 Reylrxvo|/ zh kdyh qr vxfk hvwlpdwru1
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Iljxuh 7= Hvwlpdwhg ghqvlw| ixqfwlrq 	sE/� +vrolg olqh, dqg vwdqgdug qrupdo ghqvlw|
ixqfwlrq +gdvkhg olqh,1
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Iljxuh 8= Hvwlpdwhg kd}dug ixqfwlrq edvhg rq Exfnoh|0Mdphv hvwlpdwhv ri wkh prgho
+xqfhqvruhg revhuydwlrqv> DHL/ flufoh pdunhu/ dqg OPW vtxduh pdunhu,1
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Khuh/ E*? |� 	q� 	k_�*	j fruuhvsrqgv wr wkh vwdqgdugl}hg uhvlgxdo1 E| hydoxdwlqj
wkh ixqfwlrq dw qrqfhqvruhg ydoxhv zh jhw wkh kd}dug ixqfwlrqv ri Iljxuh 81 Wkh
judsk lv edvhg rq revhuyhg ydoxhv dqg wkh pdunhuv lqglfdwh lqglylgxdo ydoxhv rq wkh
fdofxodwhg kd}dug ixqfwlrq ydoxhv1 Rqh frqfoxvlrq lv wkdw sursruwlrqdolw| grhv qrw
dsshdu wr uhfhlyh vxssruw iru orz ydoxhv rq |/ zkloh iru kljkhu ydoxhv wkh ixqfwlrqv
frlqflgh1 Ixuwkhu vxssruw iru wklv fodlp lv wkdw wkhuh dsshduv wr eh dq lqwhulru
pd{lpxp zklfk uxohv rxw d Zhlexoo glvwulexwhg | � wkh rqo| sursruwlrqdo kd}dug
wkdw frxog dulvh iurp wkh suhvhqw prgho vhwxs1 Wkh vhfrqg frqfoxvlrq lv wkdw wkhuh
dsshduv wr eh qhjdwlyh gxudwlrq ghshqghqfh/ vr wkdw uhwxuqlqj wr wkh xqhpsor|phqw
vwdwh jhwv ohvv olnho| zlwk wlph1

Dv d �qdo srlqw zh uhwxuq wr wkh vhfrqg phdvxuh ri wkh sduwlflsdwlrq h�hfw/
fi1 +6,1 Jlyhq uhvlgxdov 	/� zh hvwlpdwh wkh frqglwlrqdo h{shfwdwlrq iru jlyhq _� '
f dqg _� ' �/ uhvshfwlyho|/ e| wkhlu vdpsoh dqdorjv1 Wkh phdvxuh lv rq wkh orj
vfdoh ���S.2 iru wkh Exfnoh|0Mdphv hvwlpdwru/ l1h1 odujhu wkdq 	k ' ���De.1 Wkh
fruuhvsrqglqj phdvxuhv iru wkh gd| vfdoh | duh 31386 yv1 i TE���De.� ' f�2��1 Wkh
iruphu fruuhvsrqgv wr 0<71: shufhqw1

91 Glvfxvvlrq

Wkh sdshu kdv vxjjhvwhg lqvwuxphqwdo yduldeoh dgdswdwlrqv wr wzr zhoo0nqrzq hv0
wlpdwruv iru fhqvruhg gdwd1 Rqh dgydqwdjh zlwk wkh vxjjhvwhg surfhgxuhv lv wkdw
rqo| zhdn glvwulexwlrqdo dvvxpswlrqv qhhg wr eh lqyrnhg1 Wkh uhvxowv ri wkh vpdoo
Prqwh Fduor vwxg| vxjjhvwv wkdw wkh wzr hvwlpdwruv duh txlwh zhoo0ehkdyhg lq vdp0
soh vl}h uhjlrqv wkdw fdq eh h{shfwhg wr dulvh lq hpslulfdo zrun1 Wkh hvwlpdwruv e|
dqg odujh jlyh dqdorjrxv uhvxowv lq wkh hpslulfdo vwxg|/ doehlw wkh dgdswhg Srzhoo
hvwlpdwru kdv odujhu vwdqgdug huuruv1 Wklv pd| eh gxh wr xvlqj ohvv lqirupdwlrq iru
wklv hvwlpdwru exw dovr gxh wr khwhurvnhgdvwlflw|1

Dprqj rwkhu hvwlpdwruv wkdw duh edvhg rq zhdn dvvxpswlrqv lw dsshduhg gl!fxow
wr dgdsw wkh Krqruì dqg Srzhoo +4<<7, hvwlpdwru iru rxu sxusrvhv1 Wkh Urelqvrq
+4<;;, hvwlpdwru fdqqrw eh dssolhg dv wkh  yduldeohv zloo uhdsshdu lq wkh fruuhfwlrq
idfwru iru fhqvrulqj1 Lq vrph dssur{lpdwh yhuvlrq zlwk  yduldeohv wkdw gr qrw
hqwhu gluhfwo| exw udwkhu lq vrph pl{hg irup wkh Urelqvrq hvwlpdwru frxog hdvlo|
eh dssolhg iru wkh suhvhqw sxusrvhv1

Iru prghov edvhg rq vshfl�hg kd}dug ixqfwlrqv qr sduwlfxodu sureohp dulvhv/
h{fhsw wkdw frqyhqwlrqdo surjudpv iru gxudwlrq gdwd fdq qrw eh dssolhg1 Iru fruuhfw
lqvwuxphqwdo yduldeoh hvwlpdwlrq/ wkh prgho lq wkh uhvlgxdo sduw ri wkh prphqw
frqglwlrq vkrxog eh edvhg rq _/ zkloh 	_ lv wr eh xvhg lq wkh lqvwuxphqwdo yduldeoh
sduw1 Reylrxvo|/ wkh sursruwlrqdo kd}dug ixqfwlrq lv dw suhvhqw wkh rqo| uhdvrqdeoh
srlqw ri ghsduwxuh li vrph yduldeoh+v, duh wlph ghshqghqw1

Uhfhqw hydoxdwlrq uhvhdufk +h1j1/ Kdp dqg OdOrqgh/ 4<<9, lv iuhtxhqwo| edvhg
rq pxowlsoh0vshoo prghov1 Zlwk wkh suhvhqw prgho w|sh zh pd| frqvlghu/ vd|/ wkh
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iroorzlqj prgho yhuvlrq

+@� '  �q n k_� n /@� n 0� +diwhu,
+R� ' ��bn /R� n �R0� +surjudp,
+K� ' ��w n /K� n �K0� +ehiruh,
_� ' �E3�� n 1� n �_0� � f� +vhohfwlrq uxoh,1

Wkhvh htxdwlrqv duh fruuhodwhg wkurxjk wkh frpprq udqgrp h�hfw 0� iru lqglylgxdo
� dqg dovr gxh wr fruuhodwlrq ehwzhhq/ dw ohdvw/ wkh sdlu /@� dqg 1�1 Lw vwloo uhpdlqv
ohjlwlpdwh wr irfxv rqo| rq wkh +@� htxdwlrq dqg wr xvh dq lqvwuxphqwdo yduldeohv
hvwlpdwru iru rqo| wklv htxdwlrq1 Reylrxvo|/ wkhuh zloo eh dq dgglwlrqdo orvv lq
h!flhqf| iurp qrw hvwlpdwlqj doo wkh htxdwlrqv mrlqwo|1 Wkh +@�/ +R� dqg +K� htxdwlrqv
frxog eh hvwlpdwhg mrlqwo| e| LY2JPP whfkqltxhv/ dqg wklv uhtxluhv vrph h{whqvlrqv
wr wkh frqvlghuhg hvwlpdwru1 Hvwlpdwlrq ri wkhvh w|shv ri prghov zlwk d ohiw fhqvruhg
+@� yduldeoh zdv �uvw frqvlghuhg e| Qhovrq dqg Rovrq +4<:;, dqg Dphpl|d +4<:<,1
Euçqqçv +4<<5e, glvfxvvhg dgdswdwlrqv wr wkhvh hvwlpdwruv iru uljkw fhqvruhg gdwd
e| xvlqj wkh Srzhoo +4<;9, hvwlpdwru1 Lq wklv iudphzrun lw lv reylrxvo| lpsruwdqw wr
uh hfw rq vlpxowdqhlw| yv1 frqglwlrqdo lqwhusuhwdwlrqv/ wkdw uh hfwv wkh wlph rughulqj
ri vshoov1 Wkh fxuuhqw lqwhuhvw lq glvfuhwh pl{lqj glvwulexwlrqv iru 0� lv khuh idflqj dq
lghqwl�delolw| eduulhu dv ihdwxuhv ri/ h1j1/ /@� dqg 0� fdq qrw eh vhsdudwho| hvwlpdwhg
xqohvv dgglwlrqdo lqirupdwlrq ru dvvxpswlrqv duh lqwurgxfhg1 Li wkdw frxog eh grqh/
wkh +@� lv wkh ghshqghqw yduldeoh ri d vzlwfklqj uhjuhvvlrq prgho zlwk xqnqrzq
vdpsoh vhsdudwlrq1

Zkhq lw frphv wr wkh hpslulfdo h{huflvh/ wkh uhvxowv duh yhu| pxfk wkh h{shfwhg
rqhv1 Wkh ghshqghqw yduldeoh/ zklfk zh iru euhylw| uhdvrqv fkrvh wr fdoo lqvlghu wlph/
pdlqo| uhsuhvhqwv wkh wlphv wr hpsor|phqw dqg ixuwkhu vwxglhv1 Gxulqj vwxglhv dq
lqglylgxdo lv rxwvlgh wkh oderu irufh1 Iru wkrvh ohdylqj DHL/ d vxevwdqwldo iudfwlrq
+derxw :6 shufhqw ri wkh h{lwv duh wr vwxglhv, ri wkh lqglylgxdov dgydqfh wr kljkhu
ohyhov ri hgxfdwlrq zlwklq DHL ru hovhzkhuh1 Dv wkh DHL dwwhpswv wr hqkdqfh wkh
hgxfdwlrqdo ohyho wklv pd| eh dv srvlwlyh dq h�hfw dv lw lv wkdw vrph hqg xs lq
uhjxodu hpsor|phqw1 Wkh qhzo| ghyhorshg hvwlpdwruv vxjjhvw wkdw DHL sduwlflsdqwv
kdyh vljql�fdqwo| vkruwhu wlphv ehiruh uh0hqwhulqj xqhpsor|phqw1 Rq frpsdulvrq
ri hvwlpdwhv lw dsshduv wkdw wkh vhohfwlrq h�hfw rq hvwlpdwhv lv vwurqjhu wkdq wkdw ri
fhqvrulqj1
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Dsshqgl{ D= Suhvhqw Ydoxh

τ1 τ0
1 τ0

0

T1 U1 L1

U0 L0

Training (1)

Training (0)

0 time

T0

τ0

Iljxuh D= Wkh vshoov xvhg iru suhvhqw ydoxh fdofxodwlrqv ^A lqglfdwhv wudlqlqj zlwk
ehqh�w �L / L lv xqhpsor|phqw zlwk ehqh�w �L / dqg u lv zrun zlwk zdjhv �f

+Wudlqlqj vwdwh/ 3, dqg �� +Wudlqlqj vwdwh/ 4,`1

Zh jlyh d vlpsoh dqg vw|ol}hg h{dpsoh/ fi1 Iljxuh D/ ri wkh qhw suhvhqw ydoxh
fdofxodwlrq1 Xqghu wkh Wudlqlqj +3, dqg Wudlqlqj +4, uhjlphv zh jhw wkh suhvhqw
ydoxhv

� f '

] �f

f

�Le
3w|_|n

] �ff

�f

�Le
3w|_|n

]
"

�ff

�fe3w|_|

� � '

] ��

f

�Le
3w|_|n

] ��f

��
�Le

3w|_|n

]
"

��f

��e3w|c

zkhuh w lv wkh glvfrxqw udwh1 Khqfh/ �L lv wkh frpshqvdwlrq xqghu xqhpsor|phqw
dv zhoo dv xqghu erwk w|shv ri wudlqlqj1 Lw iroorzv wkdw wkh gl�huhqfh B lv d udqgrp
yduldeoh vlqfh wkh �ff c �

�
f c �

f dqg �� duh dvvxphg wr eh udqgrp yduldeohv=

B ' � � � � f '
�L

w

�
e3w�

f
f � e3w�

�
f

�
n

�

w

�
e3w�

�
f�� � e3w�

f
f�f

�
Wkhuhiruh/ B dqg wkh gxudwlrq yduldeohv duh reylrxvo| fruuhodwhg dqg zloo surgxfh
d vhohfwlrq h�hfw lq wkh gxudwlrq prgho1 Li wkh xqhpsor|phqw vshoo iru wudlqhhv
+3, iroorzv dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu >f dqg iru wudlqhhv +4, zlwk
sdudphwhu >�/ erwk vshoov duh lqghshqghqw ri wkh udqgrp zdjhv zlwk .E��� '
# n k ' .E�f� n k/ dqg lq dgglwlrq wlphv lq wudlqlqj duh �{hg/ wkhq wkh h{shfwhg
gl�huhqfh lv

.EB� ' .E� � � � f� '
�

w
dSf E�L � #� n S� E# n k� �L�o

zkhuh Sf ' >f i TE>f�
f�*E>f n w� dqg S� ' >� i TE>��

��*E>� n w�1

4:



Dsshqgl{ E= Ixoo Lqirupdwlrq Hvwlpdwlrq

Frqvlghu wkh fdvh zkhq wkh wudlqlqj lpsdfw lv phdvxuhg e| +6,1 Wkh iroorzlqj
hvwlpdwru lv edvhg rq mrlqw qrupdolw| lq E/c 1��1 Reylrxvo|/ wkh PO hvwlpdwru pd|
eh dssolhg lq wklv fdvh/ exw zh suhihu wr h{sdqg rq d surfhgxuh wkdw lv forvhu wr
ohdvw vtxduhv1 Xqghu qrupdolw| dqg xvlqj +708, zh pd| zulwh wkh prgho iru ixoo
revhuydwlrqv dv

+� '  �q n k_� n jj/1b� n 0�c +E4,

zkhuh j/1 lv wkh fryduldqfh +dqg wkh fruuhodwlrq lq wklv fdvh, ehwzhhq / dqg 1 dqg
b� ' �E3���*xE3��� zlwk �E�� dqg xE�� wkh vwdqgdug qrupdo ghqvlw| dqg glvwule0
xwlrq ixqfwlrqv/ uhvshfwlyho|1 Khuh/ .E0�� ' f dqg wkh frqyhqwlrqdo qrupdol}dwlrq
T E1�� ' � zdv douhdg| hpsor|hg1 Iru fhqvruhg revhuydwlrqv zh qhhg wkh frqglwlrqdo
h{shfwdwlrq h{suhvvlrq

.E+�m+� : S�� '  �q n k_� n jj/1b� n.E0�m0� : S� �  �q�k_� � jj/1b��c +E5,

zkhuh iru hydoxdwlqj wkh �qdo whup d vwdqgdugl}dwlrq e| wkh yduldqfh ri 0�/ j0�/ lv
uhtxluhg1 Xqghu wkh qrupdolw| dvvxpswlrq zh jhw

T E0�� ' j20� ' j2j2/1
�
�� E3���b�)� � b2�)

2
�

�
c

zkhuh zh kdyh xvhg wkh qrwdwlrq )� ' d_� � xE3���o*d�� xE3���o1
Fruuhvsrqglqj wr +E5, zh wkhq jhw=

.E+�m+� : S�� '  �q n k_� n jj/1b� n j0�b
W

� c +E6,

zkhuh bW� lv gh�qhg dv b� exw hydoxdwhg dw ES� �  �q�k_� � jj/1b��*j0�1
Iru hvwlpdwlrq zh zloo od| rxw wkh iroorzlqj hvwlpdwlrq surfhgxuh wkdw fdq eh

vhhq dv dq h{whqvlrq ri wkh Khfnpdq 50vwhs hvwlpdwru dqg wkdw lv dovr uhodwhg wr wkh
Idlu dv zhoo dv wkh HP0dojrulwkp1 Surelw PO fdq eh xvhg wr hvwlpdwh 	� dqg wkhq
wr fdofxodwh 	b�/ zkloh wr jhw lqlwldo ydoxhv rq w dqg rq jj/1/ zh pd| dgrsw/ vd|/ d
qrqlghdo ROV hvwlpdwru edvhg rq +708, xvlqj revhuyhg ydoxhv rq + dqg S wr uhjuhvv
rq  c _ dqg 	b1 Zlwk vxfk hvwlpdwhv lq kdqg wkh Idlu dojrulwkp/ wkdw uhvhpeohv dq
HP0dojrulwkp/ dowhuqdwhv ehwzhhq>

^4 ` suhglfwlqj revhuydwlrqv iru + : S> iru wklv 	+ ' 	.E+m+ : S� lq +E6, lv xvhg/
zlwk j0�c b� dqg bW� fdofxodwhg iurp Surelw PO hvwlpdwhv dqg wkh lqlwldo jxhvvhv
rq kcq dqg jj/1 ^wkh H0vwhs`/ dqg

^5 ` wkh revhuydwlrqv + wkdw fruuhvsrqg wr ixoo| revhuyhg gxudwlrqv duh wkhq frp0
elqhg zlwk suhglfwhg revhuydwlrqv 	+ dqg hpsor|hg iru OV hvwlpdwlrq ri kcq
dqg jj/1 lq +E4, ^wkh P0vwhs`1

4;



Wkh dojrulwkp vwrsv wkh lwhudwlrqv zkhq fkdqjhv ehwzhhq vxffhvvlyh ydoxhv rq
wW ' Ekcq�c jj/1�

� duh vpdoo hqrxjk1 Wr hvwlpdwh wkh fryduldqfh pdwul{ zh zloo
hpsor| wkh Zklwh hvwlpdwru

�J�E	w
W

� ' Ej�

W
jW�

3�j�

W
5jWEj

�

W
jW�

3�c

zkhuh jW kdv froxpqv frqvlvwlqj ri  �c _� dqg 	b� dqg zkhuh 5 lv d gldjrqdo pdwul{
zlwk vtxduhg uhvlgxdov dv hohphqwv rq wkh gldjrqdo1
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Dsshqgl{ F= Surelw Prgho Uhvxow dqg Gxudwlrq Prgho Hvwlpdwhv

Wdeoh F4= Surelw prgho pd{lpxp olnholkrrg hvwlpdwhv1

Yduldeoh Hvw1 v1h1

Jhqghu 3197: 313;5

Djh 31675 31353

Djh2 031337 313336

Fkloguhq dw krph 031387 3134;

Glvdelolw| 041473 31475

Qdwlrqdolw| +Vzhglvk, 31693 313<4

Qdwlrqdolw| +Qruglf frxqwu|, 317:4 31485

Qdwlrqdolw| +Hxursh, 0314<3 31453

Hgxfdwlrq +Sulpdu| vfkrro, 0313;; 3137:

Hgxfdwlrq +Vhfrqgd| vfkrro, 031:58 3137<

Hgxfdwlrq +Srvw vhfrqgdu| vfkrro, 031:<7 31393

Xqhpsor|phqw ehqh�w 31:;5 313:3

� Jhqghu 03134: 313<3

Xqhpsor|phqw/ fdvk dvvlvwdqfh 31:9< 31478

� Jhqghu 31476 3155;

Xqhpsor|phqw udwh 0313;4 31345

Gd|v lq hyhqw gdwdedvh 0313334 313334

� Glvdelolw| 31334 313336

Qxpehu ri vwdwhv lq hyhqw gdwdedvh 031376 3133<

� Glvdelolw| 3138; 31359

Frqvwdqw 0:133; 31698
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Wdeoh F5= Sdudphwhu hvwlpdwhv iru gxudwlrq prghov qhjohfwlqj fhqvrulqj dqg2ru
vhohfwlrq1

ROV Srzhoo Exfnoh|0Mdphv

Yduldeoh Hvw1 v1h1 Hvw1 v1h1 Hvw1 v1h1

Jhqghu 3138< 3134< 313;< 313:7 31344 3134:

Djh243 3134: 31345 31343 31376 3134; 31344

Fkloguhq dw krph 031346 3133; 03134: 31365 031337 3133:

Glvdelolw| 031369 31365 031343 31454 03136< 31364

Qdwlrqdolw| +Vzhglvk, 31385 31387 313;3 31533 31393 31386

Qdwlrqdolw| +Qruglf frxqwu|, 31369 313:7 31369 315<6 31377 313:5

Qdwlrqdolw| +Hxursh, 031386 313:8 03143< 315<9 031386 313:6

Hgxfdwlrq +Sulpdu| vfkrro, 031364 31354 03137< 313;9 031364 31353

Hgxfdwlrq +Vhfrqgd| vfkrro, 3134< 3135; 31396 31443 31349 3135:

Hgxfdwlrq +Srvw vhfrqgdu| vfkrro, 31453 31368 3154< 3148< 31455 31367

Xqhpsor|phqw ehqh�w 031956 31359 031;4: 3147; 03198; 31358

Xqhpsor|phqw/ fdvk dvvlvwdqfh 0316<: 31388 031743 314<4 03175: 31386

Xqhpsor|phqw udwh243 313<4 3138: 3145: 31575 313<9 31388

Gd|v lq hyhqw gdwdedvh24333 0314;6 31377 031655 314<3 0314<: 31376

Qxpehu ri vwdwhv lq hyhqw gdwdedvh243 03145: 31375 031496 314:9 031469 31374

Sduwlflsdqw lq DHL 04157; 31366 041679 31433 0414<; 31365

Hqglqj odwh 4<<; 4136< 31354 41589 313:< 41653 31354

Frqvwdqw 71<74 313;3 814<8 31645 71<94 313:;

Qrwhv= Wkh ROV hvwlpdwru grhv qrw dffrxqw iru fhqvrulqj qru vhohfwlrq1 Wkh Srzhoo

dqg Exfnoh|0Mdphv hvwlpdwruv gr qrw dffrxqw iru vhohfwlrq1
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Uhihuhqfhv

Dphpl|d/ W1 +4<:<,1 Wkh Hvwlpdwlrq ri d Vlpxowdqhrxv0Htxdwlrqv Wrelw Prgho1
Lqwhuqdwlrqdo Hfrqrplf Uhylhz 53/ 49<04;41

D{hovvrq/ U1 dqg Zhvwhuoxqg/ R1 +4<<<,1 Ghowdjduh l nxqvndsvo|iwhw kùvwwhuplqhq
4<<: rfk mçpiùuhovhjuxsshu= Duehwvpdunqdgv0 rfk lqnrpvwiùukèoodqghq iùuh
xwelogqlqj1 Xphè Hfrqrplf Vwxglhv 7<;1

Euçqqçv/ N1 +4<<5d,1 Uhvlgxdov iru Olplwhg Ghshqghqw Yduldeoh Prghov1 Vwdwlvwlfd
OLL/ 4<:05381

Euçqqçv/ N1 +4<<5e,1 Hfrqrphwulfv ri wkh Dffhohudwhg Gxudwlrq Prgho1 Xphè Hfr0
qrplf Vwxglhv 59<1

Euçqqçv/ N1 dqg Odlwlod/ W1 +4<;<,1 Khwhurvnhgdvwlflw| lq wkh Wrelw Prgho1 Vwdwlv0
wlfdo Sdshuv 63/ 4;804<91

Exfnoh|/ M1 dqg Mdphv/ L1 +4<:<,1 Olqhdu Uhjuhvvlrq zlwk Fhqvruhg Gdwd1 Elrphwulnd

99/ 75<07691
Kdp/ M1F1 dqg OdOrqgh/ U1M1 +4<<9,1 Wkh H�hfw ri Vdpsoh Vhohfwlrq dqg Lqlwldo

Frqglwlrqv lq Gxudwlrq Prghov= Hylghqfh iurp H{shulphqwdo Gdwd rq Wudlq0
lqj1 Hfrqrphwulfd 97/ 4:805381

Khfnpdq/ M1 +4<<3,1 Vhohfwlylw| Eldv= Qhz Ghyhorsphqwv1 Dphulfdq Hfrqrplf

Uhylhz= Sdshuv dqg Surfhhglqjv/ 646064;1
Krqruì/ E1H1 dqg Srzhoo/ M1O1 +4<<7,1 Sdluzlvh Gl�huhqfh Hvwlpdwruv ri Fhqvruhg

dqg Wuxqfdwhg Uhjuhvvlrq Prghov1 Mrxuqdo ri Hfrqrphwulfv 97/ 57405:;1
Krurzlw}/ M1 +4<;9,1 D Glvwulexwlrq0Iuhh Ohdvw Vtxduhv Hvwlpdwru iru Fhqvruhg

Olqhdu Uhjuhvvlrq Prghov1 Mrxuqdo ri Hfrqrphwulfv 65/ 8<0;71
Kxmhu/ U1/ Pdxhuhu/ N0R1 dqg Zhooqhu/ P1 +4<<<,1 Hvwlpdwlqj wkh H�hfw ri Yrfd0

wlrqdo Wudlqlqj rq Xqhpsor|phqw Gxudwlrq lq Zhvw Jhupdq|1 Mdkueÿfkhu iÿu
Qdwlrqdoùnrqrpl xqg Vwdwlvwln 54;28.9/ 94<09791

Mdphv/ L1U1 dqg Vplwk/ S1M1 +4<;7,1 Frqvlvwhqf| Uhvxowv iru Olqhdu Uhjuhvvlrq zlwk
Fhqvruhg Gdwd1 Dqqdov ri Vwdwlvwlfv 45/ 8<309331

Pdggdod/ J1V1 +4<;6,1 Olplwhg0Ghshqghqw dqg Txdolwdwlyh Yduldeohv lq Hfrqrphw0

ulfv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
Phonhuvvrq/ P1 +4<<<,1 Xqhpsor|phqw Gxudwlrq dqg Khwhurjhqrxv Vhdufk Ehkdylru

dprqj Vzhglvk Glvdeohg Zrunhuv1 LIDX Zrunlqj Sdshu 4<<<=8/ Xssvdod1
Prrq/ F10J1 +4<;<,1 D Prqwh Fduor Frpsdulvrq ri Vhplsdudphwulf Wrelw Hvwlpd0

wruv1 Mrxuqdo ri Dssolhg Hfrqrphwulfv 7/ 69406;51
Qhovrq/ I1G1 dqg Rovrq/ O1 +4<:;,1 Vshfl�fdwlrq dqg Hvwlpdwlrq ri d Vlpxowdqhrxv

Htxdwlrq Prgho zlwk Olplwhg Ghshqghqw Yduldeohv1 Lqwhuqdwlrqdo Hfrqrplf

Uhylhz 4</ 9<80:531
Srzhoo/ M1O1 +4<;9,1 V|pphwulfdoo| Wulpphg Ohdvw Vtxduhv Hvwlpdwlrq iru Wrelw

Prghov1 Hfrqrphwulfd 87/ 4768047931
Urelqvrq/ S1P1 +4<;;,1 Urrw0?0Frqvlvwhqw Vhplsdudphwulf Uhjuhvvlrq1 Hfrqrphwulfd

89/ <640<871
Vdqwrv Vloyd/ M1P1F1 +4<<;,1 Srzhoo*v VFOV= D Qhzwrq W|sh Dojrulwkp/ Lq xhqfh

Gldjqrvwlfv dqg Dowhuqdwlyh Fryduldqfh Pdwul{ Hvwlpdwruv1 Zrunlqj Sdshu/
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LVHJ/ Xqlyhuvlgdgh Wìfqlfd gh Olverd1
Zx/ F0V1S1 dqg ]xerylf/ \1 +4<<8,1 D Odujh Vfdoh Prqwh Fduor Vwxg| ri wkh

Exfnoh|0Mdphv Hvwlpdwru zlwk Fhqvruhg Gdwd1 Mrxuqdo ri Vwdwlvwlfdo Frpsx0

wdwlrq dqg Vlpxodwlrq 84/ <:044<1
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