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Devwudfw

D fkdudfwhul}dwlrq ri hqgrjhqhlw| lq d elqrpldo uhjuhvvlrq prgho lv jlyhq1 Wkh uh0
odwlrqvkls wr d prgho vxemhfw wr vhohfwlrq lv lqglfdwhg1 Pd{lpxp olnholkrrg dqg
qrqolqhdu lqvwuxphqwdo yduldeoh hvwlpdwruv duh rewdlqhg dqg hydoxdwhg lq d Prqwh
Fduor vwxg|1 D qhz OP whvw dqg d Kdxvpdq whvw djdlqvw hqgrjhqhlw| duh dovr hydox0
dwhg1 Pd{lpxp olnholkrrg hvwlpdwlrq edvhg rq dq lqvwuxphqwdo yduldeoh dqg wkh OP
whvw duh irxqg wr shuirup zhoo1 Dq looxvwudwlrq edvhg rq fkrlfh vhw vl}hv iru Vzhglvk
xqhpsor|hg lv lqfoxghg1

41 Lqwurgxfwlrq

Wkh sxusrvhv ri wklv sdshu duh wkuhhirog= Iluvw/ lw dlpv dw rewdlqlqj d Odjudqjh pxowlsolhu

+OP, ru vfruh whvw vwdwlvwlf djdlqvw hqgrjhqhlw|� iru d elqrpldo uhjuhvvlrq prgho1 Vhfrqg/ lw

lqwurgxfhv d qrqolqhdu lqvwuxphqwdo yduldeoh +QOLY, hvwlpdwru edvhg rq dq lqvwuxphqwdo

yduldeoh fruuhfwlrq iru hqgrjhqhlw|1 Dv d e|0surgxfw d Kdxvpdq0w|sh whvw lv rewdlqhg1

Wklug/ wkh sdshu dovr dlpv dw frpsdulqj dqg hydoxdwlqj wkh sursrvhg hvwlpdwruv dqg whvwv

lq �qlwh vdpsohv1

Vhfwlrq 5 ghprqvwudwhv krz hqgrjhqhlw| fdq dulvh lq wkh elqrpldo prgho iudphzrun1

Zkloh wkhuh pd| eh rwkhu zd|v ri prghoolqj/ wkh suhvhqwhg rqh lv edvhg rq d elqdu|

hqgrjhqhrxv yduldeoh dqg lv wkh uhdvrqdeoh fkrlfh zlwk uhvshfw wr rxu hpslulfdo lqwhuhvwv1

Wkh lqwurgxfhg fkdudfwhul}dwlrq ri wkh sureohp dsshduv d qhz dqg frkhuhqw rqh/ fduu|lqj

ryhu wr vhohfwlrq prgho irupxodwlrqv dv zhoo dv wr wkh Srlvvrq frxqw gdwd iudphzrun1

Dphpl|d +4<:;, dqg Hyhq +4<;;, frqvlghu wkh uhodwhg fdvh ri d frqwlqxrxv hqgrjhqhrxv

yduldeoh lq d surelw prgho iudphzrun1

Vhfwlrq 6 frqvlghuv pd{lpxp olnholkrrg +PO, hvwlpdwlrq dqg ghulyhv wkh OP whvw

djdlqvw hqgrjhqhlw|1 E| vrph txlwh vpdoo fkdqjhv wr wkh h{suhvvlrqv/ wkh rewdlqhg uhvxowv

lqfoxgh wkh hvvhqwldov dovr iru hvwlpdwlqj vhohfwlrq prghov dqg whvwlqj djdlqvw vhohfwlrq

eldv +fi1 Dsshqgl{ E,1 Vhohfwlrq prghov iru qrqelqrpldo frxqw gdwd kdyh uhfhqwo| ehhq

vwxglhg e| Whu}d +4<<;, dqg rwkhuv1 Lq wkh vdph vhfwlrq/ lqvwuxphqwdo yduldeoh fruuhfwlrq

lv frqvlghuhg dqg d Kdxvpdq0w|sh +Kdxvpdq/ 4<:;, whvw djdlqvw hqgrjhqhlw| lv rewdlqhg1
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Hqgrjhqhlw| fruuhfwlrq xvlqj lqvwuxphqwdo yduldeohv iru qrqolqhdu prghov zdv �uvw frqvlg0

huhg e| Dphpl|d +4<:7,1 D uhfhqw dffrxqw iru Srlvvrq frxqw gdwd lv jlyhq e| Zlqgphlmhu

dqg Vdqwrv Vloyd +4<<;,1

Wkh sursrvhg whvw vwdwlvwlfv dqg hvwlpdwruv duh hydoxdwhg dqg frpsduhg e| �qlwh vdp0

soh Prqwh Fduor h{shulphqwdwlrq lq Vhfwlrq 71 Wkh vhfwlrq dovr surylghv hylghqfh ri wkh

frqvhtxhqfhv ri qhjohfwhg hqgrjhqhlw| dqg ri wkh xvh ri dq lqvwuxphqwdo yduldeoh iru PO

hvwlpdwlrq1 Dq hpslulfdo looxvwudwlrq edvhg rq fkrlfh vhw vl}hv dprqj Vzhglvk xqhpsor|hg

+vhh Phonhuvvrq/ 4<<;, lv jlyhq lq Vhfwlrq 81 Wkh �qdo vhfwlrq frqwdlqv d ihz frqfoxglqj

uhpdunv dqg vxppdul}hv wkh pdlq �qglqjv1

51 Prgho

Wr frqvwuxfw d elqrpldo prgho zlwk d srwhqwldo hqgrjhqhlw| sureohp zh surfhhg lq wzr

vwhsv1 Iluvw/ zh wklqn ri d elqdu| hqgrjhqhrxv yduldeoh z> wkdw dulvhv iurp d odwhqw yduldeoh

prgho vxfk wkdw

z @

+
4> z

W @ }� . � � 3

3> rwkhuzlvh /
+4,

zkhuh } lv d yhfwru ri �{hg h{sodqdwru| yduldeohv/ � lv d yhfwru ri xqnqrzq sdudphwhuv/

dqg � lv dq huuru whup1 Vhfrqg/ wkh frxqw ru iuhtxhqf| dulvhv dv

| @
6[
�'�

g�> +5,

zkhuh wkh g�> m @ 4> = = = >p> dulvh iurp odwhqw yduldeoh prghov

g
W

�
@ {� .z�. �� > m @ 4> = = = >p> +6,

e| wkh lqglfdwru yduldeoh g� @ 4+gW
�
� 3,1 Qrwh wkdw qhlwkhu wkh 4� n0yhfwru {/ z/ qru wkh

sdudphwhuv ydu| zlwk m/ dqg wkdw p lv �{hg1

Zh pdnh wkh iroorzlqj dvvxpswlrqv derxw wkh udqgrp glvwxuedqfh whupv= doo glvwxu0

edqfh whupv duh qrupdoo| glvwulexwhg/ dqg lq dgglwlrq H+�, @ H+��, @ 3/ Y +��, @ 4>

Y +�, @ �
2
"
@ 4 .p�

2
> H+����, @ 3> l 9@ m> dqg H+���, @ �> l> m @ 4> = = = >p=

Lw iroorzv wkdw wkh fruuhodwlrq ehwzhhq � dqg ��> m @ 4> = = = >p/ lv frqvwdqw dqg htxdo wr

� @ �@�"1 Wklv frqvwdqf| dsshduv uhdvrqdeoh iru wkh elqrpldo vhwwlqj1 D fruuhodwlrq wkdw

ydulhv zlwk m zrxog eh ixuwkhu dzd| iurp wkh elqrpldo prgho dqg pdnh iru odujhu whfkqlfdo

sureohpv odwhu rq1 Wkh fruuhodwlrq frh�flhqw � rqo| ydulhv lq d vxelqwhuydo +�f> f, ri wkh
+�4> 4, lqwhuydo> iru p @ 43 zh jhw f � 3=651 Wkh frqvwdqw f lv ghfuhdvlqj lq p1 Qrwh dovr

wkdw dv � ydulhv vr grhv �2
"
1

Iru � @ 3> wkh uljkw kdqg vlgh yduldeoh z ri wkh odwhqw gW
�
h{suhvvlrq +6, lv h{rjhqrxv/

l1h1 xqfruuhodwhg zlwk �� 1 Lq wklv fdvh dqg zlwk p �{hg/ | kdv/ frqglwlrqdo rq { dqg z/

d elqrpldo glvwulexwlrq zlwk sdudphwhuv p dqg � @ Su+�� � �{� �z�, @ �+{� . z�,/

zkhuh �+�, lv wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq1 Zkhq p lq +5, lv udqgrp/ rwkhu

glvwulexwlrqv wkdq wkh elqrpldo dulvh1 Iru lqvwdqfh/ zkhq p lv Srlvvrq glvwulexwhg zlwk

phdq �/ wkh glvwulexwlrq ri | lv Srlvvrq zlwk phdq ��1

Iru dq lqwhusuhwdwlrq ri +4,0+6, dv d prgho vxemhfw wr vhohfwlrq/ zh vhw � @ 3 dqg

revhuyh | rqo| zkhq hlwkhu ri z @ 4 ru z @ 3 lv revhuyhg1
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61 Hvwlpdwlrq dqg Whvwlqj

Zh �uvw frqvlghu wkh frqvwuxfwlrq ri wkh olnholkrrg ixqfwlrq dqg rewdlq dq OP whvw

djdlqvw hqgrjhqhlw|1 Odwhu zh frqvlghu lqvwuxphqwdo yduldeohv/ QOLY hvwlpdwlrq dqg jlyh

d Kdxvpdq0w|sh whvw djdlqvw hqgrjhqhlw|1

614 PO Hvwlpdwlrq

Zkhq � @ 3/ PO hvwlpdwlrq edvhg rq wkh elqrpldo prgho lv vwudljkwiruzdug/ dv lw zloo eh

iru wkh surelw prgho iru z/ zkhuh Su+z @ 4, @ �+}�W,/ zlwk �W @ �@
s
4 .p�21

Iru � 9@ 3/ vr wkdw z lv hqgrjhqrxv lq wkh gW
�
h{suhvvlrq +6,/ zh kdyh iru jlyhq z dqg d

�{hg p> wkdw | lv elqrpldoo| glvwulexwhg zlwk sdudphwhuv p dqg �+z,1 Wkh suredelolwlhv

duh rewdlqhg dv

�+4, @ Su+gW
�
� 3mz @ 4, @ Su+�� � �{� � �> � � �}�,@Su+z @ 4,

@

]
"

33�

]
"

3 �3k

i+�� > �, g��g�@�+}�
W,

@

]
"

33�

i+�, ^

]
"

3 �3k

i+��m�, g�� ` g�@�+}�W,

�+3, @ Su+gW
�
� 3mz @ 3, @ Su+�� � �{�> � ? �}�,@Su+z @ 3,

@

]
33�

3"

]
"

3 �

i+�� > �, g��g�@�+�}�W,

@

]
33�

3"

i+�, ^

]
"

3 �

i+�� m�, g��` g�@�+�}�W,=

Pdnlqj wkh wudqvirupdwlrq �
� @ �

3�
"
�/ wkh frqglwlrqdo glvwulexwlrq ri �� jlyhq �

� lv xqlydul0

dwh qrupdo zlwk phdq ��
�
@�" dqg yduldqfh 4� �

2 @ 4� �
2
@�

2
"
1 Lw iroorzv wkdw/ iru z @ 3

ru 4/ ]
"

3 �3k�

i+��m��, g�� @ �^+{� . �z � ��
�
@�",@

t
4� �2`=

Khqfh/

�+4, @

]
"

33�W

!+��,�^+{� . �� ��
�
@�",@

t
4� �2` g��@�+}�W,

�+3, @

]
33�

W

3"

!+��,�^+{� � ��
�
@�",@

t
4� �2` g��@�+�}�W,>

zkhuh !+�, lv wkh vwdqgdug qrupdo ghqvlw| ixqfwlrq1

Wkh olnholkrrg ixqfwlrq iru wkh revhuydwlrqv fdq wkhq eh zulwwhq rq wkh irup

O @
\
�'f

Su+|�> z� @ 3,
\
�'�

Su+|�> z� @ 4,

@
\
�'f

Su+|�mz� @ 3,Su+z� @ 3,
\
�'�

Su+|�mz� @ 4,Su+z� @ 4,

@
?\
�'�

�+z�,
+� +4� �+z�,,

63+� �+}��
W,���+�}��W,�3�� =

Wkh olnholkrrg ixqfwlrq lv uhodwhg wr wkh W|sh 8 prgho ri wkh Dphpl|d +4<;7, fodvvl�fdwlrq1
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Xqghu wkh dvvxpswlrq � @ 3/ wkh olnholkrrg ixqfwlrq idfwruv dv uhtxluhg iru wkh zhdn

h{rjhqhlw| ri wkh z yduldeoh iru wkh sdudphwhuv ri lqwhuhvw � dqg �/ vlqfh �+4m� @ 3, @

�+{� . �,> �+3m� @ 3, @ �+{�,/ dqg � lv qhlwkhu uhodwhg wr � qru wr �1 Lq wkh jhqhudo

fdvh ri � 9@ 3/ PO hvwlpdwlrq zloo qxphulfdoo| eh ghpdqglqj dv qxphulfdo lqwhjudwlrq zloo

eh uhtxluhg1

Zkloh lw lv zhoo0nqrzq wkdw hqgrjhqhlw| dprqj wkh h{sodqdwru| yduldeohv lq olqhdu

prghov fdxvhv dq dv|pswrwlf eldv/ pxfk ohvv lv nqrzq derxw wkh �qhu ghwdlov lq qrqolqhdu

sureohpv ri wkh w|sh frqvlghuhg khuh1 E| d vwdqgdug Wd|oru h{sdqvlrq ri wkh olnholkrrg

htxdwlrq iru wkh elqrpldo prgho wr wkh �uvw rughu durxqg wkh wuxh sdudphwhu ydoxh #f @

+��f> �f,
� lw iroorzv wkdw wkh PO hvwlpdwru lv frqvlvwhqw xqghu h{rjhqhlw|1 Zkhq � 9@ 3>

wkh hvwlpdwru lv dv|pswrwlfdoo| eldvhg/ gxh wr wkh idfw wkdw �+z�, 9@ �+x�#f,/ dqg zkhuh

x� @ +{�> z�,1

Qrwh dovr wkdw iru wkh forvho| uhodwhg vhohfwlrq sureohp/ zlwk � @ 3/ wkh olnholkrrg

ixqfwlrq vlpsol�hv wr O @
T
�'fSu+z� @ 3,

T
�'� Su+|�mz� @ 4,Su+z� @ 4,1

615 OP Whvw

Hyhq li wkh olnholkrrg ixqfwlrq iru PO hvwlpdwlrq lv frpsolfdwhg/ rewdlqlqj dq OP whvw

vwdwlvwlf djdlqvw hqgrjhqhlw|/ l1h1 ri Kf = � @ 3 djdlqvw K� = � 9@ 3/ lv txlwh vwudljkwiruzdug1

Lwv sudfwlfdo hydoxdwlrq zloo dovr eh vlpsoh xvlqj vwdqgdug ixqfwlrqv frqwdlqhg lq pdq|

vriwzduh sdfndjhv1 Wkh uhvxowlqj OP vwdwlvwlf pd| eh h{suhvvhg lq ydulrxv zd|v/ ri zklfk

zh suhihu wkh iroorzlqj

OP @ V

?[
�'�

d��|� �z�> +7,

zkhuh

�|� @
|� �p�+{�� . �z�,

p�+{�� . �z�,+4��+{�� . �z�,,

�z� @
z� ��+}��,

�+}��,+4��+}��,,

d� @ �p!+}��,!+{�� . �z�,=

Reylrxvo|/ �|� lv wkh uhvlgxdo iru wkh elqrpldo prgho glylghg e| wkh yduldqfh ri wkh uhvlgxdo/

dqg dqdorjrxvo| iru �z� iurp wkh surelw prgho1 Zkhq � @ 3 wkhvh uhvlgxdov duh xqfruuh0

odwhg1 Wkh V lv rewdlqhg iurp wkh dssursuldwh hohphqw ri wkh lqyhuvh ri wkh rxwhu surgxfw

ri wkh judglhqw yhfwru1 Wkh hohphqwv ri wkh judglhqw yhfwru duh jlyhq lq Dsshqgl{ D1

Wkh dv|pswrwlf glvwulexwlrq ri wkh OP vwdwlvwlf lq +7, lv Q+3> 4, dqg wkh whvw lv wzr0

vlghg1 Wr hydoxdwh wkh vwdwlvwlf/ rqh qhhgv hvwlpdwhv vhsdudwho| iurp wkh elqrpldo prgho

dqg wkh elqdu| *hqgrjhqhlw|* prgho1 Wkh irup ri +7, pd| dovr eh xvhg wr jhqhudwh vlpsohu

frqglwlrqdo prphqw whvwv ru lqirupdo sorwv1 Wkh irup ri wkh whvw dovr vxjjhvwv wkdw wkh

vljq ri wkh vwdwlvwlf fdq eh h{shfwhg wr eh rssrvlwh wr wkh vljq ri �1

Dq OP whvw djdlqvw vhohfwlrq eldv fdq eh rewdlqhg e| vlpsoli|lqj +7,/ vhh Dsshqgl{ E1

616 Lqvwuxphqwdo Yduldeoh Hvwlpdwlrq

Frqvlghu wkh xvh ri lqvwuxphqwdo yduldeohv lq dq dwwhpsw wr surwhfw djdlqvw wkh qhjdwlyh

h�hfwv ri hqgrjhqhlw|1 D vwudljkwiruzdug xvh ri dq lqvwuxphqw vxfk dv as� @ �+}�a�, iru

z� iurp d �uvw vwhs surelw PO hvwlpdwru dsshduv whpswlqj1 Qrwh wkdw lwv xvh lq sodfh ri
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z� iru elqrpldo prgho/ PO hvwlpdwlrq grhv qrw |lhog d frqvlvwhqw hvwlpdwru1 Qrqolqhdu

lqvwuxphqwdo yduldeoh +QOLY/ vhh/ h1j1/ Gdylgvrq dqg PdfNlqqrq/ 4<<6/ fk1 :, ru jhq0

hudol}hg phwkrg ri prphqwv +JPP/ vhh/ h1j1/ Kdqvhq/ 4<;5, hvwlpdwlrq duh dowhuqdwlyh

dssurdfkhv wkdw |lhog frqvlvwhqw hvwlpdwruv1

Wkh uhvlgxdo iru wkh elqrpldo prgho lv ri wkh irup

�� @ |� �p�+x�#,=

Zlqgphlmhu dqg Vdqwrv Vloyd +4<<;, ghprqvwudwh lq d Srlvvrq frxqw gdwd vhwwlqj wkdw {�
dqg as� pd| eh wdnhq dv lqvwuxphqwv iru {� dqg z�/ uhvshfwlyho|1 Froohfwlqj yduldeohv zh ohw

Y @+[> as, dqg � @ +��> = = = > �?,
�1 Wkh QOLY hvwlpdwru plqlpl}hv ��Y+Y�

Y,3�Y�
�1 Ohw

Fry+�, @ 
/ wkhq dq QOLY hvwlpdwru wkdw dffrxqwv iru khwhurvnhgdvwlflw| lv jlyhq dv wkh

dujxphqw wkdw plqlpl}hv wkh JPP fulwhulrq=

�# @dujplq
#

�
�Y+Y�


Y,3�Y�
�=

Dq hvwlpdwru ri wkh dv|pswrwlf fryduldqfh pdwul{ lv jlyhq e|

V�uUT @ Fry+ �#, @ +X�Y+Y�


Y,3�Y�X,3�>

zkhuh X @ �C�@C# dqg doo pdwulfhv duh hydoxdwhg dw hvwlpdwhv1 Qrwh wkdw qrwklqj

suhyhqwv wkh lqfoxvlrq ri dgglwlrqdo lqvwuxphqwdo yduldeohv eh|rqg [ dqg as1 Lq sudfwlfh/

d �uvw vwhs zlwk 
 vhw htxdo wr wkh lghqwlw| pdwul{ lv uhtxluhg wr rewdlq dq hvwlpdwhg a


pdwul{ iru xvh lq d vhfrqg vwhs1

617 Kdxvpdq Whvw

Wkh QOLY hvwlpdwru lv frqvlvwhqw xqghu erwk h{rjhqhlw| dqg hqgrjhqhlw|/ exw lv qrw

h�flhqw1 Wkh PO hvwlpdwru iru wkh elqrpldo prgho lv frqvlvwhqw dqg h�flhqw xqghu h{r0

jhqhlw|/ zkloh lqfrqvlvwhqw xqghu hqgrjhqhlw|1 Wkhuhiruh/ zh pd| irup d Kdxvpdq0w|sh

whvw edvhg rq wkh gl�huhqfh ehwzhhq wkh sdudphwhu hvwlpdwruv/ l1h1 rq g @ �#
�uUT

� a#
�u

/

dv

K @ g�+V�uUT � V�u,
3�g=

Khuh/ V�uUT dqg V�u duh wkh fryduldqfh pdwulfhv ri wkh QOLY dqg PO hvwlpdwruv/ uh0

vshfwlyho|1 Wkh K0whvw vwdwlvwlf lv dv|pswrwlfdoo| "
2+n . 4, glvwulexwhg xqghu Kf/ zlwk

n . 4 wkh qxpehu ri sdudphwhuv1

71 Ilqlwh Vdpsoh Shuirupdqfh

Wkh �qlwh vdpsoh vwxg| lv edvhg rq Prqwh Fduor h{shulphqwdwlrq1 Wkh iroorzlqj txhvwlrqv

duh irfxvhg= +l, Duh wkh surshuwlhv ri wkh OP dqg Kdxvpdq w|sh whvw vwdwlvwlfv frpsdud0

eohB/ dqg +ll, Zklfk li dq| duh wkh dgydqwdjhv lq whupv ri hvwlpdwru shuirupdqfh ri xvlqj

lqvwuxphqwdo yduldeohv lq vpdoo vdpsohvB

Wr surylgh/ dw ohdvw/ d whqwdwlyh dqvzhu zh xvh wkh prgho iudphzrun ri Vhfwlrq 5 wr

jhqhudwh gdwd1 Iru wkh hqgrjhqhlw| prgho +5,/ zh vhw } @ +4> }�> }2> }�,/ zlwk lqghshqghqwo|

}� � Q+7> 7,/ }2 � Q+5> 4,/ }� � Q+;> <,/ dqg zlwk � @ +3=8>�3=9>�3=4> 3=5,� 1 Iru wkh

elqrpldo prgho zh vhw p @ 43> { @ +4> {�,/ zlwk {� � Q+6> <@7,/ dqg � @ +3=4>�3=6,�1
Wkh sdudphwhuv wr eh ydulhg duh � @ �3=7> 3> dqg 3=7/ dqg � @ �3=: +3=4, 3=:1 Wzr vdpsoh
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vl}hv/ q @ 433> 833> duh hpsor|hg1 Wkh h{sodqdwru| yduldeohv { dqg } duh �{hg ryhu wkh

4333 uhsolfdwlrqv lq hdfk fhoo ri wkh ghvljq1

Wkh iroorzlqj hvwlpdwruv duh dssolhg= Elqrpldo prgho PO xvlqj z +ELQ�, dqg as

+ELQR,/ dqg QOLY1 Wkh fryduldqfh pdwulfhv iru wkh elqrpldo prghov duh rewdlqhg iurp

wkh lqirupdwlrq pdwul{/ zkloh iru QOLY lw lv edvhg rq dq Hlfnhu0Zklwh hvwlpdwru/ l1h1

rq a
 @gldj+a�2
�
> l @ 4> = = = > q,1 Iru hdfk sdudphwhu hvwlpdwru eldv dqg phdq vtxduh huuru

+PVH, uhvxowv duh rewdlqhg1 Ehvlghv uhsruwlqj wkh srzhu ixqfwlrqv ri wkh OP dqg K whvw

vwdwlvwlfv ri � @ 3 djdlqvw � 9@ 3/ zh uhsruw rq vl}hv iru � @ 3 yhuvxv � 9@ 31 Wr hydoxdwh

srzhu ixqfwlrqv zh wkurxjkrxw xvh d qrplqdo vljql�fdqfh ohyho ri 31381

Wkh eldvhv dqg PVHv ri wkh hvwlpdwruv ri � duh iru vhohfwhg � ydoxhv jlyhq lq Wdeoh

41 Lw lv txlwh reylrxv wkdw qhjohfwlqj hqgrjhqhlw| +ELQ�, kdv vhyhuh eldvlqj dqg PVH

hqkdqflqj h�hfwv1 Wkh vl}h ri wkh eldv lv doprvw olqhdu lq �/ zkloh wkh PVH lv txdgudwlf1

Wkh eldv kdv wkh vljq ri �1 Wkhuh lv qr dssduhqw vdpsoh vl}h h�hfw1 Zkloh wkh PO

hvwlpdwru edvhg rq wkh lghd ri uhsodflqj z zlwk as lv nqrzq wr eh eldvhg +hvvhqwldoo| gxh

wr wkh gl�huhqfh ehwzhhq �+z, dqg �+{� . �z,,/ wkh uhvxowv vxjjhvw wkdw wkh eldv fdq

eh vpdoo dqg pruhryhu ghfuhdvlqj zlwk dq lqfuhdvlqj vdpsoh vl}h1 Qrwh wkdw lq vrph

fdvhv iru odujh m�m +ohvv wkdq 43 rxw 4333 iru m�m � 3=:, wkh ELQR hvwlpdwru glyhujhv1 Rq

frpsdulvrq wkh frqvlvwhqw QOLY hvwlpdwru kdv d eldv wkdw iuhtxhqwo|/ exw qrw wkurxjkrxw/

lv pdujlqdoo| vpdoohu wkdq wkdw ri ELQR1 Wkh PVH ri QOLY lv odujhu iru q @ 433 dqg pruh

ru ohvv lghqwlfdo iru q @ 8331

Zkhq lw frphv wr wkh vl}hv ri wkh frqyhqwlrqdo w0whvw iru � @ 3 djdlqvw � 9@ 3/ zh �qg

wkdw wkh vl}hv ri ELQ� duh qrw uholdeoh1 Iru ELQR zh �qg wkdw iru q @ 433 wkh vl}h ydulhv

+ryhu � 5 ^�3=:> 3=:`, ehwzhhq 3137; dqg 31397/ dqg iru q @ 833 wkh udqjh lv +3=36;> 3=397,1

E| wkh xvh ri wkh Pxusk| dqg Wrsho +4<;8, fryduldqfh pdwul{ hvwlpdwru2 wkh vl}hv duh/

iru q @ 433/ +3=368> 3=386,/ zkloh iru q @ 833/ +3=369> 3=393,/ l1h1 iru wkh vpdoohu vdpsoh/

vl}hv duh vrphwlphv wrr vpdoo1 Wkh fruuhvsrqglqj vl}hv iru QOLY duh +3=377> 3=3:4, dqg

+3=37<> 3=395,/ uhvshfwlyho|1 Khqfh/ wkh vl}h surshuwlhv duh qrw yhu| gl�huhqw iru wkh whvwv

ri � @ 31

Iljxuh 4 jlyhv wkh srzhu ixqfwlrqv iru wkh OP whvw ri � @ 31 Dv h{shfwhg wkh srzhu

lv kljkhu iru wkh odujhu vdpsoh vl}h1 Iru q @ 833 wkh vl}hv duh lq qr fdvh vljql�fdqwo|

odujhu wkdq wkh qrplqdo 3138 ohyho1 Iru q @ 433/ krzhyhu/ vl}hv duh wkurxjkrxw wrr odujh1

Wkh ghshqghqfh rq � ehfrphv zhdn iru d odujhu vdpsoh vl}h1 Qrwh wkh xqxvxdo ihdwxuh

ri ghfuhdvlqj srzhu iru odujhu m�m1 Wkh h{sodqdwlrq wr wklv ihdwxuh lv wkdw wkh yduldqfh ri

wkh hqgrjhqhlw| prgho lv d ixqfwlrq ri �/ vxfk wkdw iru � @ 3 wkh U2 @ 3=97 lq wkh odwhqw

prgho/ iru � @ 3=8 U2 @ 3=67/ dqg iru � @ 4 U2 @ 3=471 Wkhuhiruh/ wkh srzhu ixqfwlrqv dovr

kljkoljkw wkh lpsruwdqfh ri wkh h{sodqdwru| srzhu ri wkh hqgrjhqhlw| prgho +fi1 Eu�dqq�dv

dqg Nduovvrq/ 4<<9,1

Lq Iljxuh 5 wkh srzhu ixqfwlrqv ri wkh K whvw duh vkrzq1 Wkh K vwdwlvwlf lv qhjdwlyh

lq xs wr 58 shufhqw ri wkh uhsolfdwlrqv iru � @ �3=7 +xs wr 48 shufhqw iru � @ 3=7,1 Wkh

uhsruwhg srzhuv duh edvhg rq rqo| wkrvh uhsolfdwlrqv wkdw kdyh d srvlwlyh K whvw1 Jlyhq

wklv/ wkh srzhuv ri wkh K whvw duh pxfk orzhu wkdq wkrvh ri wkh OP whvw dqg sduwlfxoduo|

vr iru wkh vpdoohu vdpsoh vl}h1 Iru q @ 433 vl}hv duh qrw vljql�fdqwo| gl�huhqw iurp wkh

qrplqdo vl}h/ zkhuhdv iru q @ 833 wkh| duh wrr vpdoo1 Dprqj wkhvh wzr whvw vwdwlvwlfv

djdlqvw hqgrjhqhlw| wkh OP whvw dsshduv wkh pruh surplvlqj rqh1

2wi| �� @?_ �2 Mi |�i *L}�*�!i*��LL_ u�?U|�L?t uLh |�i ThLM�| @?_ M�?L4�@* 4L_i*t� ��hT�) @?_
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I
?E	# 3 #�
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3.EY2�2*Y#Y#��c -� ' 3.EY2�2*Y�Y#�� @?_ -e ' .EY��*Y��EY��*Y��
�c Uu� i^� E�e��

8



81 Hpslulfdo Looxvwudwlrq

Lq Phonhuvvrq +4<<;, fkrlfh vhw vl}hv ri :;4 xqhpsor|hg zdv prghoohg e| elqrpldo prg0

hov1 Wkrvh zlwk pdq| frqwdfwv zlwk r�fldov dw hpsor|phqw r�fhv zhuh irxqg wr kdyh

vljql�fdqwo| odujhu fkrlfh vhwv1 Krzhyhu/ wkh frqwdfw iuhtxhqf| yduldeoh zdv vxvshfwhg wr

eh hqgrjhqhrxv1 E| d Kdxvpdq whvw h{rjhqhlw| frxog qrw eh uhmhfwhg1

Dvvxph wkh suredelolw| iru lqglylgxdo l wr glvfxvv rqh dowhuqdwlyh lv �+{��.�z�,/ zkhuh

{� lv d yhfwru ri lqglylgxdo fkdudfwhulvwlfv/ zkloh z� @ 4 li wkh lqglylgxdo kdv : frqwdfwv

ru pruh zlwk r�fldov gxulqj wkh suhylrxv |hdu +fi1 Wdeoh LLL lq Phonhuvvrq/ 4<<:,1 Ri wkh

revhuydwlrqv 86 shufhqw kdyh z� @ 41 Wkh revhuyhg fruuhodwlrq ehwzhhq | dqg z lv 31651

Lq d �uvw vwhs/ zh hvwlpdwh d prgho iru wkh frqwdfw iuhtxhqf| yduldeoh e| surelw PO dqg

lq d vhfrqg vwhs wkh elqrpldo prgho zlwk wkh pd{lpxp fkrlfh vhw vl}h p @ 481

Iru wkh frqwdfw iuhtxhqf| zh frqwuro iru djh/ vh{/ surihvvlrq/ oderxu pdunhw klvwru|/

hwf1 Dowrjhwkhu 5< h{sodqdwru| yduldeohv duh xvhg dqg U
2 @ 3=45 +h{sodlqhg glylghg e|

wrwdo yduldwlrq,1 Rqo| irxu yduldeohv kdyh vljql�fdqw h�hfwv1

Lq Wdeoh 5 zh suhvhqw hvwlpdwhv iru ELQ�/ zkhuh z� lv wuhdwhg dv h{rjhqrxv/ QOLY

zlwk as� xvhg dv dq lqvwuxphqw/ dqg ELQR lq zklfk z� lv uhsodfhg e| as�1 Iru ELQR zh

suhvhqw w0ydoxhv edvhg rq wkh lqirupdwlrq pdwul{ +wU, dqg rq d Pxusk| dqg Wrsho +4<;8,

fryduldqfh pdwul{1

Wkh OP0vwdwlvwlf wdnhv wkh ydoxh 41<<</ vr wkdw wkh h{rjhqhlw| ri wkh frqwdfw iuhtxhqf|

yduldeoh fdq eh uhmhfwhg +s @ 3=379,1 Wkh Kdxvpdq0whvw fdq qrw uhmhfw h{rjhqhlw|1 Wkh

vwdwlvwlf wdnhv wkh ydoxh 481376 +s @ 3=77;, zkhq wkh fryduldqfh pdwul{ iru wkh elqrpldo

prgho lv edvhg rq wkh Khvvldq pdwul{/ zkloh wkh ydoxh 81457 +s @ 3=<<4, lv rewdlqhg zkhq

wkh lqirupdwlrq pdwul{ lv xvhg1

Wkh sdudphwhu � lv hvwlpdwhg wr 3155 zlwk ELQ� xvlqj z�/ zkloh a� @ 3=86 iru ELQR

dqg a� @ 3=87 iru QOLY1 Wklv uhodwlrqvkls ehwzhhq sdudphwhu hvwlpdwhv fdq eh h{shfwhg

iru d qhjdwlyh �/ fi1 Wdeoh 41 Xvlqj dq dssur{lpdwlrq +fi1 Phonhuvvrq/ 4<<;, iru wkh

h�hfw ri d gxpp| yduldeoh/ zh �qg wkdw lq wkh �uvw prgho +ELQ�, xqhpsor|hg zlwk vhyhq

frqwdfwv ru pruh zrxog kdyh 4< shufhqw odujhu fkrlfh vhwv/ wkdq wkh uhihuhqfh fdwhjru| ri

ihzhu frqwdfwv1 Lq wkh rwkhu prghov wkh gl�huhqfh lq fkrlfh vhw vl}h zrxog eh 83 shufhqw1

Dprqj wkh vljql�fdqw frh�flhqwv zh vhh wkdw xqhpsor|hg zlwk d kdqglfds/ kdyh odujhu

fkrlfh vhwv zkloh fkrlfh vhw vl}h ghfuhdvhv zlwk djh ri wkh xqhpsor|hg1

91 Frqfoxvlrq

Wkh sdshu kdv ghyhorshg OP dqg Kdxvpdq whvw vwdwlvwlfv djdlqvw hqgrjhqhlw| lq d elqrpldo

prgho iudphzrun dqg vwxglhg wkh shuirupdqfh ri wkhvh dv zhoo dv ri vrph dvvrfldwhg

hvwlpdwruv1

Iurp wkh Prqwh Fduor h{shulphqwv zh �qg wkdw wkh frqvlvwhqw QOLY hvwlpdwru grhv

qrw shuirup xqlirupo| ehvw1 Zkdw lv vxusulvlqj lv wkdw wkh elqrpldo prgho edvhg rq wkh

lqvwuxphqwdo yduldeoh as lqvwhdg ri wkh ruljlqdo hqgrjhqhrxv z yduldeoh dsshduv wr gr txlwh

zhoo1 Erwk ri wkhvh hvwlpdwruv duh pdunhgo| ehwwhu wkdq wkh hvwlpdwru edvhg rq d frpsohwh

qhjohfw ri wkh hqgrjhqhlw| ri z1 Uhodwhg frqfoxvlrqv krog iru wkh whvwlqj ri wkh sdudphwhu

lq iurqw ri z1 Wkh xvh ri d Pxusk| dqg Wrsho fryduldqfh pdwul{ hvwlpdwru kdv rqo| d vpdoo

h�hfw1 Wkh OP whvw vwdwlvwlf ri h{rjhqhlw| kdv wrr odujh vl}hv iru wkh yhu| vpdoo vdpsohv

exw lv grlqj zhoo lq wklv uhvshfw iru pruh frqyhqwlrqdo plfur0vdpsoh vl}hv1 Wkh vl}hv ri

wkh Kdxvpdq whvw duh iuhtxhqwo| wrr orz dqg vr lv wkh srzhu1 Lq dgglwlrq/ wkh vwdwlvwlf
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lv iuhtxhqwo| qhjdwlyh1 Erwk wkh vxjjhvwhg OP dqg Kdxvpdq whvw vwdwlvwlfv dv zhoo dv wkh

QOLY hvwlpdwru duh hdv| wr dsso| xvlqj vwdqgdug vriwzduh1

Uhihuhqfhv

Dphpl|d/ W1 +4<:7, Wkh Qrq0Olqhdu Wzr0Vwdjh Ohdvw Vtxduhv Hvwlpdwru1 Mrxuqdo ri

Hfrqrphwulfv/ 5/ ss1 43804431

Dphpl|d/ W1 +4<:;, Wkh Hvwlpdwlrq ri d Vlpxowdqhrxv Htxdwlrq Jhqhudol}hg Surelw

Prgho1 Hfrqrphwulfd/ 79/ ss1 44<6045381

Dphpl|d/ W1 +4<;7, Wrelw Prghov= D Vxuyh|1 Mrxuqdo ri Hfrqrphwulfv/ 57/ ss1 60941

Eu�dqq�dv/ N1 dqg Nduovvrq/ Q1 +4<<9, Hqgrjhqhlw| Whvwlqj lq Plfur Hfrqrphwulf Prg0

hov1 Surfhhglqjv ri wkh Wklug Xph�d 0 Z�xu}exuj Frqihuhqfh lq Vwdwlvwlfv1 Xph�d

Xqlyhuvlw|1

Gdylgvrq/ U1 dqg PdfNlqqrq/ M1J1 +4<<6, Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqrphwulfv1

+R{irug/ R{irug Xqlyhuvlw| Suhvv,1

Hqjoh/ U1I1/ Khqgu|/ G1I1 dqg Ulfkdug/ M0I1 +4<;7, H{rjhqhlw|1 Hfrqrphwulfd/ 84/ ss1

5::06371

Hyhq/ Z1H1 +4<;;, Whvwlqj H{rjhqhlw| lq d Surelw Prgho1 Hfrqrplfv Ohwwhuv/ 59/ ss1

458045;1

Kdqvhq/ O1S1 +4<;5, Odujh Vdpsoh Surshuwlhv ri Jhqhudol}hg Phwkrg ri Prphqwv Hvwlpd0

wruv1 Hfrqrphwulfd/ 83/ ss1 435<043871

Kdxvpdq/ M1D1 +4<:;, Vshfl�fdwlrq Whvwv lq Hfrqrphwulfv1 Hfrqrphwulfd/ 79/ ss1 45840

45:41

Phonhuvvrq/ P1 +4<<;, H{sodlqlqj Fkrlfh Vhw Vl}h iru Xqhpsor|hg1 Wr dsshdu lq Dssolhg

Hfrqrplfv1

Pxusk|/ N1P1 dqg Wrsho/ U1K1 +4<;8, Hvwlpdwlrq dqg Lqihuhqfh lq Wzr0Vwhs Hfrqrphwulf

Prghov1 Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlvwlfv/ 6/ ss1 6:306:<1

Whu}d/ M1Y1 +4<<;, Hvwlpdwlqj Frxqw Gdwd Prghov zlwk Hqgrjhqhrxv Vzlwfklqj= Vdpsoh

Vhohfwlrq dqg Hqgrjhqhrxv Wuhdwphqw H�hfwv1 Mrxuqdo ri Hfrqrphwulfv/ ;7/ ss1

45<04871

Zlqgphlmhu/ I1D1J1 dqg Vdqwrv Vloyd/ M1P1F1 +4<<;, Hqgrjhqhlw| lq Frxqw Gdwd Prghov=

Dq Dssolfdwlrq wr Ghpdqg iru Khdowk Fduh1 Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 45/

ss1 5;405<71

:



Wdeoh 4= Eldv dqg PVH uhvxowv +�43, iru ELQ�/ ELQR dqg QOLY hvwlpdwruv ri �1

q @ 433 q @ 833
ELQz ELQs QOLY ELQz ELQs QOLY

� � Eldv PVH Eldv PVH Eldv PVH Eldv PVH Eldv PVH Eldv PVH

0318 0619: 417: 3155 3186 313: 3194 06199 4169 316: 3144 3156 3144
�3=7 3 03135 3145 313: 315; 03143 3166 03134 3135 3144 3138 3133 3139

318 6188 4168 3147 3187 03157 4139 617: 4155 03144 3143 0315< 3146

0318 06193 416< 03143 317: 0313< 3183 0618< 4163 03137 313; 03137 313;
3 3 3133 3143 3135 3157 3133 3158 03134 3135 3133 3137 3133 3137

318 6197 4173 315: 3179 3155 3186 6186 4159 3139 313; 3138 313;

0318 06185 4164 0313; 3177 03134 317< 06184 4158 03137 313; 03136 313;
3=7 3 3135 313; 3136 3154 3137 3155 3133 3135 3134 3137 3133 3137

318 61:6 4179 3163 316< 3165 3174 618< 4163 314; 313; 3149 313;

Wdeoh 5= Hvwlpdwlrq uhvxowv1

ELQz QOLY ELQs
Yduldeoh a# w

a# w
a# wL wPW

Frqvwdqw 031<7 048188 04143 0:1<8 0413; 049145 0:1:8
Djh2433 031:4 0<188 031:5 07198 03193 0:1<6 0619;
Hgxfdwlrq/ |hduv2433 31;3 5156 31;8 4144 31:; 514: 413:
Pdoh +@4, 3136 41<8 3137 4153 3137 518; 4153
Vzhglvk +@4, 03139 05163 03139 04138 03138 041<; 031<7
Kdqglfds +@4, 3163 4314; 3164 8159 315< <195 8144
Qxpehu ri shulrgv xqhpsor|hg 3134 4136 3134 319; 3134 4195 31;9
Qxpehu ri vwdwhv 3133 31<9 03133 0315: 03133 0319: 03163
Gd|v2433 ri xqhpsor|phqw/ wrwdo 3133 4157 3133 316: 3133 31;5 3173
Gd|v2433 lq suhvhqw shulrg 3135 9164 3135 5176 3135 7196 516<
Gd|v2433 lq suhvhqw vwdwh 3133 3137 03134 031<8 03134 041<9 04135
Vrph h{shulhqfh +@4, 03137 04187 03137 031;6 03137 041;6 04133
Orqj h{shulhqfh +@4, 03143 07159 0313; 041:4 03145 0815; 051:5
Hgxfdwlrq lq surihvvlrq +@4, 3135 4135 3135 3189 3135 4167 319:
Frqwdfw zlwk r�fldo �: wlphv +@4, 3155 471:; 3187 4716: 3186 :1:3 6187

;
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Iljxuh 4= Srzhu ixqfwlrqv iru wkh OP whvw vwdwlvwlf ri � @ 3 djdlqvw � 9@ 3 iru q @ 433

+ohiw, dqg q @ 833 +uljkw,/ zlwk � @ 3=7 +grw0gdvk olqh,/ � @ 3 +vrolg olqh,/ dqg � @ �3=7
+grwwhg olqh,1
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Iljxuh 5= Srzhu ixqfwlrqv iru wkh K whvw vwdwlvwlf ri � @ 3 djdlqvw � 9@ 3 iru q @ 433

+ohiw, dqg q @ 833 +uljkw,/ zlwk � @ 3=7 +grw0gdvk olqh,/ � @ 3 +vrolg olqh,/ dqg � @ �3=7
+grwwhg olqh,1
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